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a b s t r a c t

This paper studies the asymptotic stability for a class of neutral systems with mixed time-varying delays.
Through utilizing some Wirtinger-based integral inequalities and extending the convex combination
technique, the upper bound on derivative of Lyapunov-Krasovskii (L-K) functional can be estimated more
tightly and three mixed-delay-dependent criteria are proposed in terms of linear matrix inequalities
(LMIs), in which the nonlinearity and parameter uncertainties are also involved, respectively. Different
from those existent works, based on the interconnected relationship between neutral delay and state
one, some novel triple integral functional terms are constructed and the conservatism can be effectively
reduced. Finally, two numerical examples are given to show the benefits of the proposed criteria.

& 2017 ISA. Published by Elsevier Ltd. All rights reserved.

1. Introduction

The stability of time-delay systems has become a focused topic of
theoretical and practical importance since time-delays are always
existent in many fields, such as physics, economy, and industrial
systems. In a large number of control systems, it is well known that
the presence of time-delay often leads to the oscillation, instability,
or other poor performances. Therefore, the research on stability in
many kinds of time-delay systems has received extensive attention
[1–44]. Meanwhile, neutral functional differential equations can be
used to describe the mathematical models of some control systems,
in which the time-delays simultaneously exist in both state and its
state derivative. This kind of model is called as time-delay neutral
system and it can be often encountered in various fields, such as
population change, heat exchanging, and steam process. Hence,
many sufficient conditions have been proposed for the stability in a
variety of time-delay neutral systems [14–44].

In [1–6,14,15], through choosing special L-K functionals and
using LMI approach, the asymptotical stability for neutral systems
with constant delays has been studied. In [16,17], some uneasy-to-
test conditions on exponential stability for variable neutral ones
have been derived, in which time-varying delay was studied. Yet,
in practical cases, owing to that accurate mathematical model
cannot be easily achieved, many present works always assume

that the system parameters exist norm-bounded uncertainties
[1,3,5,6,18–22] and the system simultaneously contains both linear
part and nonlinear one [23–29]. As for stability issue, on one hand,
in [18–22,30–32,41,42], with the help of several effective techni-
ques, some LMI-based stability criteria on uncertain ones have
been presented. On the other hand, in [23–29], through treating
the restricted nonlinearity as system disturbance, some delay-
dependent criteria have also been presented in terms of LMIs.
Meanwhile, since the discrete delay can be introduced into com-
munication channels since it is ubiquitous in signal transmission, a
system usually has a special nature due to the presence of an
amount of parallel pathways with a variety of axon sizes and
lengths. Such an inherent nature can be suitably modeled as so-
called distributed delay. Therefore, some researchers have studied
the robust stability of neutral systems with distributed delays
[18,21,22,26–29]. Together with some improved delay-partitioning
ideas, the works [34,35] have established the stability criteria and
their conservatism can be greatly reduced by thinning the delay
intervals. There also exist some works involving the effect of other
factors, such as stochastic disturbance [31,32,38], leakage delays
with impulse [33], Markov jumping [37], ∞H performance [39],
neutral Lur'e type [40–42], and their applications to descriptor/
singular systems [43,44]. It is worth pointing out that, since the
triple Lyapunov approach was put forward in [7], it has received a
great deal of improvements and been employed to study the
global stability for time-delay neutral systems [8,10–13,34,36].

It is worth noting that, based on some existent works, when
the L-K stability theory was used to address the issue on
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delay-dependence, many effective methods have been proposed,
such as free-weighting matrices, various integral inequalities,
convex combination technique, delay-partitioning idea, multiple
Lyapunov functional, and so on [23–44]. Though the results above
were elegant, two following points are still existent waiting for the
improvements. Firstly , when the works above estimated some
integral terms in the L-K functional's derivative, such as

∫ ̇ ( ) (̇ )
τ−
x s Px s ds

t

t T and ∫ ∫ ̇ ( ) (̇ )
τ τ− −

x u Qx u duds
t

t

t

s T , much useful informa-
tion still has been neglected. Most recently, the works [15–18]
have presented some novel Wirtinger-based inequalities to over-
come the shortage in some degree. However, no matter how
tightly they gave the upper estimations on these integral terms,
the involved time-delays were still constant. Yet, in practice, time-
delays have to be always variable in certain intervals. Secondly, as
is well known, there always exist two kinds of time-delays in
neutral systems. One is state delay and the other is included in
state's derivative. Based on many practical models, such two kinds
of time-delays are always different [24–28]. However, most ex-
istent works always employed the information on each delay in-
dividually to choose the L-K functional and derive stability results
[27–40]. Yet during the analysis, it will be of much more sig-
nificance to consider the interconnected relationship between
them. Though the works [15,18] have given some preliminary
discussions on this point, the involved delays were constant and
the Lyapunov functional forms seemed to be simple, which leave
much room for the further research. Meanwhile, since the triple
Lyapunov technique was put forward in [7], it has received much
attention during tackling the time-delay systems [14–19,40,42].
However, as for time-delay neutral systems, few works have em-
ployed such technique to study the interconnected relationship
between neutral delay and the state one. Overall, some efficient
approaches need to be put forward to derive more elegant results.

Motivated by the discussion above, in this paper, the global sta-
bility for a class of time-delay neutral systems will be deeply studied.
Together with the interconnection between two kinds of time-delays,
an improved Lyapunov-Krasovskii functional will be constructed and
some novel integral inequalities will be utilized to give much tighter
upper bound on L-K functional's derivative. The derived criteria are
presented in terms of LMIs and can be easily tested, in which the
nonlinearity and parameter uncertainties will be also considered. Fi-
nally, two numerical examples will be presented to illustrate the re-
duced conservatism of the derived results.

Notations: The term L-K functional is the abbreviation of Lya-
punov-Krasovskii functional; the set Rn denotes the n-dimensional
Euclidean space and ×Rn m is the set of n�m real matrices; I de-
notes an identity matrix of appropriate dimension; { }Xsym means

{ } = +X X Xsym T and ∥ ∥X stands for Euclidean norm of X; and the
symmetric term in a symmetric matrix is denoted by *, i.e.,
⎡
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2. Problem formulations and lemmas

In this paper, we consider the following neutral systems with
time-varying delays as

(
)
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where ( ) ∈x t Rn is the state of system (1) and A B C D, , , are con-
stant matrices of appropriate dimensions with ∥ ∥ <C 1.

The following assumptions on the system (1) will be utilized
throughout this paper.

H1. The functions τ ( )( = )t i 1, 2i denote the time-varying delays
satisfying

τ τ υ τ μ≤ ( ) ≤ ^ ≤ ̇( ) ≤ ( = ) ( )t t i0 , 1, 2 . 2i i i i i

Here we denote τ τ τ¯ ( ) = ^ − ( )t ti i i , μ μ υ¯ = − ( = )i 1, 2i i i , τ τ τ= ^ − ^
21 2 1,

and δ τ τ= ^ − ^
21 2

2
1
2
.

H2. There exist constant matrices Ξ ( = )i 1, 2, 3i such that the
nonlinear function ( )· · ·f t, , , satisfies

Ξ Ξ Ξ∥ ( )∥ ≤ ∥ ∥ + ∥ ∥ + ∥ ∥ ( )f t a b c a b c, , , 31 2 3

with the vectors ∈a b c R, , n.

Remark 1. In H1, on one hand, when time-delays τ ( )( = )t i 1, 2i are

constant ones, one can easily check that υ μ= = ( = )i0 1, 2i i ; on the

other hand, when time-delays τ ( )( = )t i 1, 2i are time variable, it is

easy to obtain that the values of υ ( = )i 1, 2i have to be less than

0 and the ones of μ ( = )i 1, 2i have to be greater than 0, which

guarantees τ ( )( = )t i 1, 2i to be bounded in the intervals

τ[ ^]( = )i0, 1, 2i . Yet many present works aimed to study the upper

bound of τ ̇ ( )( = )t i 1, 2i but neglected the information on its lower
bound, which would unavoidably result in some conservatism.

In what follows, some lemmas will be given for the proof
procedure.

Lemma 1 ([10]). Let φ(·) be a differential function: [ ] →a b R, n. For

the positive matrices ∈ ×M Rn n, and ∈ ×N N N R, , n n
1 2 3

4 , the following

inequality holds:
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Lemma 2 ([11]). For an any constant matrix >M 0, the following
inequality holds for all continuously differentiable function φ(·) in

[ ] →a b R, n:
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Lemma 3 ([11]). For an any constant matrix >M 0, the following
inequality is true for all continuously differentiable function φ(·) in

[ ] →a b R, n:
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