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a b s t r a c t

This paper presents a theoretical analysis along with simulations to show that increased robustness can
be achieved for discrete time sliding mode control systems by choosing the sliding variable, or the
output, to be of relative degree two instead of relative degree one. In other words it successfully reduces
the ultimate bound of the sliding variable compared to the ultimate bound for standard discrete time
sliding mode control systems. It is also found out that for such a selection of relative degree two output of
the discrete time system, the reduced order system during sliding becomes finite time stable in absence
of disturbance. With disturbance, it becomes finite time ultimately bounded.

& 2016 ISA. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Sliding mode control (SMC) has made its place in literature as
a control which enables complete disturbance rejection in finite
time, when the disturbance is bounded in nature and appears in
the input channel. It works by applying a switching control,
which brings the states of the system to a sliding surface in finite
time, and once this sliding motion is achieved, the system is no
longer affected by the disturbance. Though this idea is theoreti-
cally fascinating, it has practical limitations. The switching con-
trol needs actuators to switch at infinite frequency, which is not
possible in the real world. Also, measurements by sensors and the
control computation are done only after a specific time period. To
remove this gap between theory and practice, discrete time
sliding mode control (DSMC) theory was developed in [1–9]. Also
many physical systems have inherently discrete time dynamics. It
was seen that for these systems the states can no longer hit the
sliding surface and stay there in presence of a disturbance, but
converge inside an ultimate band around the surface in finite
time. Hence the robustness of the system gets defined by the
width of this ultimate band.

The discrete sliding mode control has traditionally been
developed by taking outputs (or sliding variables) of relative
degree one, i.e., the delay between the output and the control
input is unit time step. This has given rise to proposals of various
reaching laws of the form sðkþ1Þ ¼ f ðsðkÞÞ, where s(k) is the
sliding variable at the kth time step. Since s(k) is chosen as a
relative degree one output, these reaching laws enable the cal-
culation of control as sðkþ1Þ, when calculated from the system
dynamics, contains u(k). The most well-known of these reaching
laws are laid down in [5,3,2]. Of the above, the first paper deals
with a switching reaching law and the other two with non-
switching reaching laws. Even to this day, proposals of reaching
laws are being laid down in literature, which exhibit different
properties favourable to the design of control for a particular type
of system. Some of these reaching laws are found in [10–17]. Very
recent contributions highlighting the usefulness of DSMC can be
found in [18,19].

However, all the above work proposes a sliding variable of
relative degree one and finds out the ultimate band in each case. In
the work presented in this paper, the authors aim to show that
when the sliding variable is chosen with relative degree two, we
get reduced width of the ultimate band and finite time stability
during sliding in absence of disturbance. This is an important
achievement, as this increases the robustness of the system as a
whole, since robustness is directly related to the width of this
ultimate band.
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A similar work has been recently presented in [20] where the
reaching law given in [3] is used with an output of relative degree
r¼n, where n is the order of the system. The work is restrictive in
the sense that r must be equal to n in order to obtain the prop-
erties of improved robustness and finite time stability. However, it
has shown the path to the work in this paper where r¼2 can bring
about the desired properties of improved robustness and finite
time stability for an nZ2 order system.

The reaching laws that are used in this paper are the ones given
in [5,2]. The switching reaching law in [5] contains a proportional
and a switching term along with a term containing a disturbance d
(k) (see Section 4). The non-switching reaching law in [2] contains
a term which becomes zero in finite time in addition to this d(k)
(see Section 3). This disturbance term d(k) is calculated as a direct
functional relationship with the disturbance f(k) in the actual
system, such that the control input becomes devoid of any dis-
turbance terms. In this paper, we shall see that for relative degree
two output, the disturbance term d(k) does not exhibit the same
functional relationship with f(k) as in the case of relative degree
one output. It is easy to conclude that the bound of this term d(k),
which is denoted by dm, will also change because of this. Since dm
has a direct influence on the ultimate bound, the ultimate bound
will also vary accordingly. This observation laid to the work in this
paper, which is described in detail in the following sections.

In the remainder of the work, the terms ‘output’ and ‘sliding
variable’ will be used interchangeably. This is because traditionally
relative degree is defined for the output of a system, and sliding
variable is a constructed output, if not a measured one. The next
section introduces the idea of relative degree of an output of a
discrete linear time invariant (LTI) system, which is the system
considered in this work. The property of finite time convergence of
all states in the sliding mode for relative degree two output is also
shown in this section. Sections 3 and 4 discuss the conditions
required to achieve reduction in the width of the ultimate bound
for a non-switching and a switching reaching law respectively.
Section 5 shows simulation examples for both the non-switching
and switching reaching laws, comparing the results with selection
of relative degree one output. The conclusions of the paper are
collected in Section 6.

Notations used in this paper: (1) jj �jj is the standard Euclidean
2-norm of a vector or a matrix, (2) Ker(L) is the set of all vectors
xAX which the linear transformation L : x↦y takes to y¼ 0AY , X
and Y being vector spaces, (3) det(A) denotes the determinant of
the square matrix A.

2. Outputs with relative degree 1 and 2

Let us consider a discrete time LTI system

x1ðkþ1Þ ¼ A11x1ðkÞþA12x2ðkÞ
x2ðkþ1Þ ¼ A21x1ðkÞþA22x2ðkÞþB2uðkÞþB2f ðkÞ ð1Þ
where x1ðkÞARðn�mÞ and x2ðkÞARm are the n states and uðkÞARm is
the input. The disturbance f ðkÞARm is assumed to be bounded as
j j f ðkÞj jr f m. The controls designed in the sequel guarantees
bounded stability of the system in presence of such matched dis-
turbance. The problem of unmatched disturbance has not been
studied in this work.

The above makes A11ARðn�mÞ�ðn�mÞ, A12ARðn�mÞ�m,
A21ARm�ðn�mÞ, A22ARm�m and B2ARm�m. We assume detðB2Þa0.
Obviously, written in the standard form of discrete LTI systems, we
shall have

A¼
A11 A12

A21 A22

" #

B¼
0
B2

" #
ð2Þ

The working definition of relative degree of an output for a dis-
crete time system is given below.

Definition 1. The relative degree r of an output s(k) of a discrete
time system is the order of delay of the output in which the input
u(k) first appears.

Hence, if the relative degree is r, then sðkþ iÞ ¼ FiðxðkÞÞ8 ior
and sðkþ iÞ ¼ FiðxðkÞ;uðkÞ;uðkþ1Þ;…;uðkþ i�rÞÞ8 iZr.

2.1. Asymptotic stability with relative degree 1 output

For the above system, a relative degree one output is proposed
as

s1ðkÞ ¼ CT
1xðkÞ ¼ Cx1ðkÞþ Imx2ðkÞ ð3Þ

where CARm�ðn�mÞ. Then

CT
1B¼ C Im

� � 0
B2

" #
¼ B2 ð4Þ

and we can calculate the control u(k) from

s1ðkþ1Þ ¼ CT
1AxðkÞþCT

1BuðkÞþCT
1Bf ðkÞ ð5Þ

as obtained from the system dynamics, since B2 is non-singular.
Design of C is done considering closed loop performance of

the nominal system, i.e., when f ðkÞ ¼ 0. Then the output hits zero
in finite time and for relative degree one systems, we get
x2ðkÞ ¼ �Cx1ðkÞ. Hence, the closed loop system becomes

x1ðkþ1Þ ¼ ðA11�A12CÞx1ðkÞ ð6Þ
which is traditionally made asymptotically stable by choosing

maxðjλ1 j Þo1 ð7Þ
where λ1 is an eigenvalue of ðA11�A12CÞ. Since x2ðkÞ is algeb-
raically related to x1ðkÞ, it also settles down to zero
asymptotically.

2.2. Finite time stability with relative degree 2 output

For the system (1), a relative degree two output will be

s2ðkÞ ¼ CT
2xðkÞ ¼ Cx1ðkÞ ð8Þ

where CARm�ðn�mÞ can be chosen same as in (3) or different, but
satisfying the conditions in Theorem 1 below.

Now

CT
2B¼ C 0

� � 0
B2

" #
¼ 0 ð9Þ

implying

s2ðkþ1Þ ¼ CT
2AxðkÞþCT

2BuðkÞþCT
2Bf ðkÞ ¼ CT

2AxðkÞ ð10Þ
as calculated from the system dynamics (1) does not contain the
control input u(k). Then we need to assume

CT
2AB¼ C 0

� � A11 A12

A21 A22

" #
0
B2

" #

¼ CA11 CA12
� � 0

B2

" #

¼ CA12B2 ð11Þ

to be non-singular in order that the output is of relative degree 2,
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