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a b s t r a c t

This paper addresses the dynamics of a class of discrete-time switched nonlinear systems with time-
varying delays and uncertainties and subject to perturbations. It is assumed that the nominal switched
nonlinear system is robustly uniformly exponentially stable. It is revealed that there exists a maximal
Lipschitz constant, if perturbation satisfies a Lipschitz condition with any Lipschitz constant less than the
maximum, then the perturbed system can preserve the stability property of the nominal system.
In situations where the perturbations are known, it is proved that there exists an upper bound of
coefficient such that the perturbed system remains exponentially stable provided that the perturbation is
scaled by any coefficient bounded by the upper bound. A numerical example is provided to illustrate the
proposed theoretical results.

& 2016 ISA. Published by Elsevier Ltd. All rights reserved.

1. Introduction

As an important class of hybrid dynamic systems, switched
systems inherit the feature of both continuous state and discrete
state dynamic systems. Roughly speaking, a switched system
consists of a family of dynamical subsystems and a rule, called a
switching signal, that determines the switching manner among
the subsystems [1,2]. Many dynamic systems can be modeled as
switched systems [3,4] which possess rich dynamics due to the
multiple subsystems and various possible switching signals [5–8].

In the present paper, we are interested in the dynamics of a
class of discrete-time switched nonlinear time-varying systems
with delays and uncertainties. Our motivations come from the
following aspects. Firstly, parameters in many practical systems
vary from time to time, such as resistance and inductance in a
circuit [9]. Therefore, time-varying systems have been one of the
focuses of control theory for a long time [10,11]. Secondly, it is
observed that any system in the real world is with certain uncer-
tainties [12] and that delays, especially time-varying ones, inevi-
tably appear in systems' mathematic models. It is also observed
that both uncertainties and delays may lead to performance

deterioration and system's malfunction [13–15]. Hence, there is a
vast literature investigating various stabilities of switched systems
with uncertainties and delays [16,17]. In many cases, uncertainties
are partially instead of completely known, for example, they may
take values on a bounded and closed set, that is, a compact set, as
assumed in the present paper. Thirdly, perturbations may result
from modeling errors or aging and inevitably exist in any realistic
problem [18–20]. Finally, knowing the property of a perturbed
system would be of great importance provided that the stability
property of the nominal system is known, since investigating the
properties of nominal system is usually much easier than studying
that of perturbed system. Thus, in this paper, we explore the
condition imposed on perturbations such that the perturbed sys-
tem can preserve the stability property of the nominal system.

Note that there are many kinds of perturbations [21]. It was
shown in [22] that, for a switched linear system with bounded or
convergent perturbations, the perturbed system behavior is simi-
lar to the perturbation, provided that the nominal system is
exponentially stable. Hereafter we focus only on the “vanishing”
perturbation, namely, the perturbation is zero if the state is zero
[23]. In [23, Lemma 9.1], it was proved that, for an exponentially
stable delay-free nonlinear system, the perturbed system is also
exponentially stable provided that the perturbation satisfies a
linear growth bound with a sufficiently small coefficient. Clearly, it
is important to extend this result to nonlinear systems with delays.
Recently, the stability issue of discrete-time switched linear
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systems with time-varying delays and perturbations was investi-
gated [24], which concluded that the perturbed system is expo-
nentially stable if the nominal system is exponentially stable and
the perturbation is small enough. Similar conclusion holds for
switched homogeneous systems (of degree one) with delays [25].
However, for general (switched) nonlinear systems with delays,
the problem remains unsolved. The task here is to explore if an
upper bound of perturbation exists to guarantee the perturbed
system preserving the exponential stability of the nominal system.

Technically, handling such a problem is not trivial. In [23,
Lemma 9.1], the Lyapunov function method was used, which is
based on the fact that a nonlinear delay-free system is exponen-
tially stable if and only if there exists a Lyapunov function satis-
fying some constraints; however, a similar conclusion is unavail-
able even in the context of switched linear systems with delays. In
other words, the converse Lyapunov theorem does not apply here.
Intuitively, if we just consider evolution of the perturbed system of
a nominal system on a finite set, one may claim the existence of
the upper bound of perturbation with which the perturbed system
and the nominal system have similar trajectory. However, as the
considered set approaches infinity, the upper bound may approach
zero to guarantee that these two systems have similar stability
property. Therefore, alternative idea is required to fulfil our task.
The idea used here can be briefly described as follows: First prove
the existence of upper bound of perturbation on a finite set (with
this bound, the trajectory of the perturbed system can be upper
bounded by an exponential function with the same decay rate as
the nominal system), and then, by means of mathematical
inductive principle, extend the finite set to the right infinite set
with the same upper bound. It is important to point out that the
reason to use this method lies in the invalidity of the Lyapunov
method in this context and that our method may be applied to
similar situations.

It is well-known that switching signal is an important factor
affecting the dynamics of switched systems. For example, given
subsystems of switched systems, different signals may result in
quite different stability properties [26]. Therefore, we try to con-
sider several commonly used switching signals so that the
obtained results can be applied more widely.

The main contribution of the paper lies in the following
aspects: First, two conditions are proposed which impose a con-
straint on the perturbation so that the perturbed system may
preserve the exponential stability of the nominal system, locally or
globally, depending on the perturbation and the nominal system
itself. Second, in the case of the perturbation is partially known, a
tuning factor is introduced such that the “tuned” system can
preserve the exponential stability of the nominal system.

The rest of this paper is organized as follows. Preliminaries and
problems to be treated are presented in Section 2, main results are
proposed in Section 3, and a numerical example is provided in
Section 4. Finally, Section 5 concludes this paper.

Notation: AT is the transpose of matrix A. For vectors x; y, xg ð
≽; ! ;⪯Þy means that x is entrywise greater than (greater than or
equal to, less than, less than or equal to) y. These symbols can be
applied to matrix in an obvious manner. Rn�m denotes the set of all
real matrices of n�m-dimension and Rn ¼Rn�1. Rn

0;þ ¼
xARn; x≽0

� �
. N0 denotes the set of all nonnegative integers and

N¼N0⧹ 0f g. For any qAN0;Nq ¼ q; qþ1;…
� �

and for any mAN,
m ¼ 1;…;mf g and m0 ¼m [ 0f g. aj j is the absolute value of a real
number a, and xj j ¼ xj j1;…; xj jn½ �T with x¼ x1;…; xn½ �TARn. The
symbol 0 is an n-dimensional zero vector. JxJ is any norm of
vector xARn. For any a40, Ba ¼ xARn : JxJra

� �
. If x sð Þ is

defined on the set �d;…; a
� �

with aAN0, then for any
kA 0;…; af g, xk θ

� �¼ x kþθ
� �

for all θA �d;…;0
� �

, cxk ¼ cx kþθ
� �

for θA �d;…;0
� �

, Jxk J ¼maxsA k�d;…;kf g JxðsÞJ� �
. Throughout

this paper, the dimensions of matrices and vectors will not be
explicitly mentioned if clear from context.

2. Problem statements and preliminaries

Consider the following switched system:

xðkþ1Þ ¼ f σðkÞ k; xðkÞ; x k�dσðkÞðkÞ
� �

;uσðkÞðkÞ
� �

; kZk0
xðkÞ ¼φðkÞ; kA k0�d;…; k0

� � ð2:1Þ
where k0AN0; xðkÞARn is the state, the map σ : Nk0-m is a
switching signal with m being the number of subsystems. It is
always assumed that σ is with switching sequence fkig1i ¼ 0 satis-
fying kiANk0 ; ki4ki�1ð8 iANÞ and ki-1 as i-1. For each lAm,
ulðkÞAUl ð8kZk0Þ represents uncertain parameters, where Ul is a
specified compact set, delays dlðkÞA d1l;…; d2l

� �
with

d1lAN0; d2lAN0, and d¼maxlAm d2l
� �

. Thus, f l is a map from Nk0
�Rn � Rn �Ul into Rn. For any k, the corresponding uncertainty
uσðkÞðkÞ is clearly dependent on switching signal σ. Therefore, it is
reasonable to define u(k) to be the uncertainty at instant k, that is,
uðkÞAUσðkÞ, which means that u(k) takes values on a compact set
for any k. Let U be the set of admissible uncertainties. φ is an
initial vector-valued function.

The following assumption is made for system (2.1):

Assumption 1. The map f l is locally Lipschitz at origin in the
second and third arguments, uniformly in the first and last ones.
Moreover, x¼ 0 is an isolated equilibrium point of each subsystem.
More precisely, there exist positive scalars L1; ~r1; r1 such that

J f l �; x; y; �ð ÞJrL1 J xT yT
� �T

J ; 8x; yAB ~r1

f l �;0;0; �ð Þ; f l �; x; y; �ð Þa0; 8 lAm; 8x; yAB r1 ; x; yð Þa 0;0ð Þ ð2:2Þ
If ~r1 ¼ r1 ¼ þ1, then f l is globally Lipschitz and x¼ 0 is the
unique equilibrium point of each subsystem.

Remark 1. Note that, in general, the local Lipschitz property f l does
not guarantee the existence and uniqueness of the solution to sys-
tem (2.1). However, this condition is enough for us to discuss local
exponential stability of system (2.1). The second condition in (2.2)
means that (2.1) has an isolated equilibrium point, which in fact
indicates that there is only a unique equilibrium point in the domain
we considered. Similar remark can be made for Assumption 2.

With the assumption that x¼ 0 is an isolated equilibrium point
of system (2.1), hereafter when we speak of the stability property
of system (2.1), we refer to that of the origin equilibrium point.

There are different kinds of switching signals some of which
are defined below.

Definition 1 (Liberzon [27]). For switching signal σðkÞ and any
T4kZ0, let Nσ T ; kð Þ be the switching numbers of σ on an open
interval k; Tð Þ. σðkÞ is said to have average dwell time τa and
“chatter-bound” N0 if there exist two positive numbers N0 and τa
such that Nσ T ; kð ÞrN0þT�k

τa
. A switching signal σðkÞ is said to be

periodic if there exists a scalar κ41 such that σ kþκð Þ ¼ σ kð Þ holds
for any kAN0, such a minimal κ is called the period of σðkÞ.

The following four classes of switching signals which are fre-
quently encountered in literature will be considered:

� S1 ¼ σðkÞ : σðkÞ is an arbitrary switching signal
� �

.
� S2 N0; τað Þ ¼ σðkÞ : σðkÞ�

has average dwell time τa and chatter
bound N0g.

� S3 κð Þ ¼ σðkÞ : σ kð Þ has period κ
� �

.
� S4 τdð Þ ¼ σðkÞ : kiþ1�kiZτdZ2; 8 iAN0

� �
.

For S4 τdð Þ, if τd ¼ 1, then S4 1ð Þ is actually the set of arbitrary
switching signals, that is, S4 1ð Þ ¼S1. Hereafter, it is always
assumed that S is arbitrarily chosen from S1;S2 N0; τað Þ;�
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