
Further improved stability criteria for uncertain T–S fuzzy systems
with time-varying delay by ðm;NÞ-delay-partitioning approach$

Jun Yang a,n, Wen-Pin Luo b, Yong-Hu Wang c, Jun Cheng d

a College of Computer Science, Civil Aviation Flight University of China, Guanghan, Sichuan 618307, PR China
b College of Science, Sichuan University of Science and Engineering, Zigong, Sichuan 643000, PR China
c College of Flight Technology, Civil Aviation Flight University of China, Guanghan, Sichuan 618307, PR China
d School of Science, Hubei University for Nationalities, Enshi, Hubei 445000, PR China

a r t i c l e i n f o

Article history:
Received 12 June 2015
Received in revised form
21 July 2015
Accepted 6 August 2015
Available online 11 September 2015
This paper was recommended for publica-
tion by Jeff Pieper.

Keywords:
Takagi–Sugeno (T–S) fuzzy systems
Time-varying Delay
ðmNÞ-delay-partitioning approach
Stability
Lyapunov–Krasovskii functional (LKF)
Linear matrix inequalities (LMIs)
Free-Matrix-based integral inequality (FMII)

a b s t r a c t

This paper mainly focuses on the robust stability criteria for uncertain T–S fuzzy systems with time-
varying delay by (m,N)-delay-partitioning approach. A modified augmented LKF is established by
partitioning the delay in all integral terms. Via taking into account of (i) the relationship between each
subinterval and time-varying delay and (ii) the independent upper bounds of the delay derivative in the
various delay intervals, some new results on tighter bounding inequalities such as Peng-Park's integral
inequality and Free-Matrix-based integral inequality are introduced to effectively reduce the enlarge-
ment in bounding the derivative of LKF as much as possible, therefore, significant less conservative
results can be expected in terms of es and LMIs, which can be solved efficiently with the Matlab LMI
toolbox. Furthermore, it is worth mentioning that, when the delay-partitioning number m is fixed, the
conservatism is gradually reduced with the increase of another delay-partitioning number N, but
without increasing any computing burden. Finally, two numerical examples are included to show that
the proposed method is less conservative than existing ones.

& 2015 ISA. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Since Takagi–Sugeno (T–S) fuzzy model was first introduced
in [1], much effort has been made in the stability analysis and
control synthesis of this model during the past three decades,
due to the fact that it can combine the flexibility of fuzzy logic
theory and fruitful linear system theory into a unified frame-
work to approximate complex nonlinear systems, such as truck–
trailer system, TORA system, inverted pendulum system,
ball-and-beam system and chaotic systems [1–4]. On the other
hand, as a source of instability and deteriorated performance,
time-delay often occurs in many dynamic systems such as
biological systems, chemical processes, communication net-
works and so on [5–9]. Therefore, in the last decade, stability
analysis of T–S fuzzy systems with (time-varying) delay has

been an active topic, see, e.g., [10–18] and references therein.
Among the recent techniques adopted in this area, the delay-
partitioning approach [19] should be the most worth-
mentioning since it has been proven that less conservative
results may be expected with the increase of delay-
partitioning segments [20,16]. On the other hand, as [21] points
out that, for delay-partitioning approach, further less conserva-
tive stability conditions for time-varying delay systems can be
achieved by taking into account of independent upper bounds of
the delay derivative in various delay-partitioning intervals.
Furthermore, as is well-known, it is necessary to take the
derivative of the LKF to derive a stability condition, and the
main difficulty lies in bounding the integrals that appear in the
derivative. Among the new techniques adopted in bounding
integral, the most noteworthy is the Free-Matrix-based integral
inequality (FMII) [22] that includes the Wirtinger inequality as a
special case. Since the FMII is composed of a set of adjustable
slack variables, it can provide extra freedom in reducing the
conservativeness of the inequality and further lead to less
conservative conditions than the use of the Wirtinger-based
inequality does [22].

Recently, by non-uniformly dividing the whole delay inte-
rval into multiple segments and choosing different Lyapunov
functionals to different segments, [23] has established less
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conservative delay-derivative-dependent stability criteria than
those in [24,13] in a convex way for the uncertain T–S fuzzy
systems with interval time-varying delay. Very recently, via
delay-partitioning approach and Peng-Park's integral inequality
established by the reciprocally convex combination (RCC) tech-
nique [25], [20] has developed less conservative stability criteria
than those in [26,11,27] for the uncertain T–S fuzzy systems
with interval time-varying delay. More recently, based on a
novel LKF and the RCC technique, [16] has achieved less
conservative results than those in [20,11,15,12–14] via introdu-
cing some fuzzy-weighting matrixes to express the relationship
of the T–S fuzzy models. Most recently, by delay-partitioning
approach, Finsler's lemma and a modified LKF, [17] has
employed Peng-Park's integral inequality [25] and Seuret-Wir-
tinger's integral inequality [28] to effectively bound the deriva-
tive of LKF and achieved less conservative stability criteria than
those in [11,16,13] for the uncertain T–S fuzzy systems with
time-varying delay.

However, when revisiting this problem, we find that the
aforementioned works still leave plenty of room for improvement
since (i) the relationship between time-varying delay and each
subinterval is not taken into account in [23,20,16,17]; (ii)
independent upper bounds of the delay derivative in various
delay-partitioning intervals, and the relationships between the
augmented state vectors ½xTðtÞ; xTðt�δÞ;…; xTðt�mδÞ�T are both
ignored in [23,20,16]; (iii) Wirtinger-based inequality [28] is
employed to bound the derivative of LKF in [16,17], nevertheless,
the Wirtinger-based inequality cannot find further tighter upper
bound because its parameters are not adjustable, which inevitably
yields some unnecessary conservativeness in [16,17].

Motivated by the above-mentioned discussion, this paper
aims to develop further improved stability criteria for uncertain
T–S fuzzy systems with time-varying delay by the (m,N)-delay-
partitioning approach and Finsler's lemma. The main contribu-
tions of this paper lie in the following aspects: firstly, the (m,N)-
delay-partitioning approach partitions the time-varying delay
τðtÞ and its upper bound separately; secondly, an appropriate
augmented LKF is established by partitioning the delay in
all integral terms, and the τðtÞ-dependent/ρðtÞ-dependent/
½Xij�m�m-dependent sub-LKFs are introduced to the augmented
LKF, therefore, (i) the relationship between each subinterval and
time-varying delay, (ii) the independent upper bounds of the
delay derivative in the various delay intervals and (iii) the
relationships between the augmented state vectors
½xTðtÞ; xTðt�δÞ;…; xTðt�mδÞ�T have been simultaneously taken a
full consideration; thirdly, some new results on tighter bound-
ing inequalities such as Peng-Park's integral inequality and FMII
(which yields less conservative stability criteria than the use of
Wirtinger-based inequality does) have been employed to reduce
the enlargement in bounding the derivative of LKF as much as
possible, therefore, less conservative results can be achieved in
terms of es and LMIs; fourthly, it is worth mentioning that, when
the delay-partitioning number m is fixed, the conservatism is
gradually reduced with the increase of another delay-
partitioning number N, but without increasing any computing
burden. Finally, two numerical examples are included to show
the effectiveness and the benefits of the proposed method.

The rest of this paper is organized as follows. The main
problem is formulated in Section 2 and less conservative
stability criteria for the uncertain T–S fuzzy systems with
time-varying delay are derived in Section 3. In Section 4, two
numerical examples are provided; and a concluding remark is
given in Section 5.

Notations: Through this paper, Rn and Rn�m denote, respec-
tively, the n-dimensional Euclidean space and the set of all n�m
real matrices; the notation A4 ðZ ÞB means that A�B is positive

(semi-positive) definite; I (0) is the identity (zero) matrix with
appropriate dimension; AT denotes the transpose; J�J denotes the
Euclidean norm in Rn; “n” denotes the elements below the main
diagonal of a symmetric block matrix; Cð½�τ;0�;RnÞ is the family of
continuous functions ϕ from interval ½�τ;0� to Rn with the norm
JϕJτ ¼ sup� τrθr0 JϕðθÞJ; let xtðθÞ ¼ xðtþθÞ; θA ½�τ;0�. In addi-
tion, because many abbreviations are used in this paper, they are
given in Table 1 for the convenience of the reader.

2. Problem formulation

In this section, a class of uncertain T–S fuzzy system with time-
varying delay is concerned. For each i¼ 1;2;…; r (r is the number
of plant rules), the ith rule of this T–S fuzzy model is represented
as follows:

Plant rule i:IF θ1ðtÞ isMi1, θ2ðtÞ is Mi2, ⋯, θpðtÞisMip,THEN

_xðtÞ ¼ ½AiþΔAiðtÞ�xðtÞþ½AdiþΔAdiðtÞ�xðt�τðtÞÞ; tZ0
xðtÞ ¼ϕðtÞ; tA ½�τ;0�;

(
ð1Þ

where θ1ðtÞ, θ2ðtÞ, ⋯, θpðtÞ are the premise variables, and each
Milði¼ 1;2;…; r; l¼ 1;2;…;pÞ is a fuzzy set. xðtÞARn is the state
vector; ϕðtÞACð½�τ;0�;RnÞ is the initial function; Ai and Adi are
constant real matrices with appropriate dimensions; the delay,
τðtÞ, is a time-varying functional satisfying

0rτðtÞrτ; ð2Þ

_τðtÞoμ; ð3Þ
where τ and μ are constants; the matrices ΔAiðtÞ and ΔAdiðtÞ
denote the uncertainties in the system and are defined as

½ΔAiðtÞ;ΔAdiðtÞ� ¼HFðtÞ½Ei; Edi�; ð4Þ
where H; Ei and Edi are known constant matrices and F(t) is an
unknown matrix function satisfying

FTðtÞFðtÞr I: ð5Þ
By a center-average defuzzier, product inference and singleton

fuzzifier, the dynamic fuzzy model in (1) can be represented by

_xðtÞ ¼
Xr
i ¼ 1

hiðθðtÞÞfAiðtÞxðtÞþAdiðtÞxðt�τðtÞÞg;

xðtÞ ¼ϕðtÞ; tA ½�τ;0�;

8>><>>: ð6Þ

where AiðtÞ ¼ AiþΔAiðtÞ; AdiðtÞ ¼ AdiþΔAdiðtÞ and

hiðθðtÞÞ ¼
∏p

l ¼ 1MilðθlðtÞÞPr
i ¼ 1 ∏

p
l ¼ 1MilðθlðtÞÞ

; i¼ 1;…; r; ð7Þ

Table 1
Abbreviations and their definitions.

Abbreviation Definition

LKF Lyapunov–Krasovskii functional
LMIs Linear matrix inequalities
HeðAÞ the sum of matrices A and AT

FMII Free-Matrix-based integral
inequality

MAUB Maximum admissible upper
bound

RCC Reciprocally convex combination
(m,N) see Definition 1
ρðtÞ see (9)
es see (12)
½Xij�m�m X11 ⋯ X1m

⋮ ⋱ ⋮
n ⋯ Xmm

264
375
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