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a b s t r a c t

In this paper, we proposed a robust discrete-time controller. This control system, which is derived from
the idea of the normalized plant, does not include plant parameters. Thus, we obtain a control system
independent of plant parameters and that has the same structure as a conventional optimal servo
control system. Simulation and experimental results show that the proposed method is fairly robust to
plant parameter variations and external disturbances.

& 2014 ISA. Published by Elsevier Ltd. All rights reserved.

1. Introduction

The electric motor is a widely used device in cars, transportation
equipment, robots, power stations and electrical household appli-
ances. In recent years, electric motors have been recognized as one
of the key components in hybrid and electric cars [1–4]. These
devices have become large-scale and complicated, and require
practical and stable operation [5–8]. When designing a control
system for a mechanical system, the equation of motion is needed.
However, it is difficult to obtain this equation, as it is affected by
various uncertainties that exist in the actual system. When uncer-
tainties are ignored in control system design, the mechanical system
may become unstable. From this reason, a robust control system is
required to allow for any uncertainties [9]. Various techniques for
robust control systems have been proposed [5–8]. The optimal
control method is one of the design methods used for robust control
systems, and is an excellent method of control [10–12].

In recent years, this method has been applied in various fields
[13,14], such as for precision-position control of hard disks and
high-velocity revolution control of disk drives [15–17]. The optimal
control design method is one of several design approaches that
realize energy saving and input energy consumption as evaluation
functions. However, this method may not produce the desired
response when there are large changes to the plant parameters.

To avoid this problem, we previously designed a control system
independent of plant parameters [18]. This method derived the
linear control law from the switching function used in sliding

mode control. This study demonstrates excellent robustness under
plant parameter changes. However, it is not logically clarified that
the control law is derived from the switching function. Further-
more, a logical proof of stability is also not clarified.

In this paper, we propose a control system based on a different
point of view from the switching function and which does not include
plant parameters. This is a new idea that we call the normalized plant.
We analyze the obtained system and find that it is theoretically stable
by using the z–s transform. The proposed method has the same
structure as that of a conventional optimal servo controller and is
easily mountable on actual systems such as a DC motor. In addition,
the proposed method can eliminate steady-state errors caused by an
input-side disturbance. We confirm the effectiveness of the proposed
method using various simulations and experiments of position control
with a DC motor.

This paper is organized as follows: In Section 2, we describe a
plant in the discrete-time domain. In Section 3, we describe the
structure of the normalized plant. In Section 4, we describe
optimal control with a normalized plant. In Section 5, the effec-
tiveness of the proposed method for five types of plants is
confirmed by simulation results. In Section 6, the effectiveness of
the proposed method for a DC motor is confirmed by experimental
results. Finally, in Section 7, we present our conclusions.

2. Plant description

In this study, we assume that the controlled plant is a DC
motor. In general, a DC motor has a constant numerator poly-
nomial, and is expressed as first to third order plants. The general
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transfer function of a DC motor is described by

GðsÞ ¼ YðsÞ
UðsÞ

¼ b
sn�1þan�1sn�2þ⋯þa2sþa1

; ð1Þ

where U(s) and Y(s) are the Laplace transforms of u(t) (the
manipulated variable) and y(t) (the plant output), respectively,
and ai (i¼ 1;2;…;n�1) and b are plant parameters. Eq. (1) may
also be described by

_xiðtÞ ¼ xiþ1ðtÞ; i¼ 1;2;…;n�2; ð2aÞ

_xn�1ðtÞ ¼ � ∑
n�1

i ¼ 1
aixiðtÞþbuðtÞ; ð2bÞ

yðtÞ ¼ x1ðtÞ: ð2cÞ

In addition, the derivative of the difference between a reference
input and a plant output is described by

_eðtÞ ¼ rðtÞ�yðtÞ: ð3Þ

Eqs. (2) and (3) may be discretized by the forward difference
method, shown in Eq. (4), and are then given as Eq. (5):

_xiðtÞ ¼
xiðtþTsÞ�xiðtÞ

Ts
; ð4Þ

eðkþ1Þ ¼ eðkÞþTsfrðkÞ�yðkÞg; ð5aÞ

xiðkþ1Þ ¼ xiðkÞþTsxiþ1ðkÞ; ð5bÞ

xn�1ðkþ1Þ ¼ xn�1ðkÞ� ∑
n�1

i ¼ 1
TsaixiðkÞþTsbuðkÞ; ð5cÞ

where Ts is the sampling time. The expanded system including the
deviation equation (5a) is described by

xðkþ1Þ ¼ AxðkÞþBuðkÞþErðkÞ; ð6aÞ

yðkÞ ¼ CxðkÞ; ð6bÞ

where

xðkÞ ¼

eðkÞ
x1ðkÞ
⋮

xn�2ðkÞ
xn�1ðkÞ

2
6666664

3
7777775
ARn�1;

A¼

1 �Ts 0 ⋯ 0
0 1 Ts ⋯ ⋮
⋮ ⋱ ⋱ ⋱ 0
0 ⋯ 0 1 Ts

0 �Tsa1 �Tsa2 ⋯ �Tsan�1

2
6666664

3
7777775
ARn�n;

B¼

0
0
⋮
0
Tsb

2
6666664

3
7777775
ARn�1; E¼

Ts

0
⋮
0
0

2
6666664

3
7777775
ARn�1; C ¼

1
0
⋮
0
0

2
6666664

3
7777775

>

AR1�n:

3. Normalized plant

As shown in Fig. 1, the matrices in Eq. (7) are applied to the
controlled plant as a state feedback:

Au ¼

0 0 0 ⋯ 0
0 0 0 ⋯ ⋮
⋮ ⋱ ⋱ ⋱ 0
0 ⋯ 0 0 0
0 �Tsa1 �Tsa2 ⋯ �Tsan�1

2
6666664

3
7777775
ARn�n; ð7aÞ

Bu ¼ 0 0 ⋯ 0
1
Tsb

� �
AR1�n: ð7bÞ

Therefore, the manipulated variable is described by Eq. (8) using
the matrices Au and Bu. In addition, Eq. (6) is described by Eq. (9).
This system is shown in Fig. 2, with ~vðkÞ being a new manipulated
variable:

uðkÞ ¼ �BuAuxðkÞþvðkÞ; ð8Þ

xðkþ1Þ ¼ AxðkÞ�BBuAuxðkÞþBvðkÞ
¼ ~AxðkÞþ ~B ~vðkÞ; ð9aÞ

yðkÞ ¼ CxðkÞ ¼ ~CxðkÞ; ð9bÞ
where

~A ¼

1 �Ts 0 ⋯ 0
0 1 Ts ⋯ ⋮
⋮ ⋱ ⋱ ⋱ 0
0 ⋯ 0 1 Ts

0 0 ⋯ 0 0

2
6666664

3
7777775
ARn�n; ð10aÞ

~B ¼

0
0
⋮
0
1

2
6666664

3
7777775
ARn�1; ~C ¼

1
0
⋮
0
0

2
6666664

3
7777775

>

AR1�n; ~vðkÞ ¼ TsbvðkÞ: ð10bÞ

The controlled system is described by Eq. (10) and does not
include plant parameters. In this study, an optimal control method is
adopted for this plant. We refer to this plant as the normalized plant.

4. Optimal control with the normalized plant

4.1. Derivation of optimal gain

In this section, we design an integral-type optimal controller.
The expanded system including the deviation e(k) is obtained from

Fig. 1. Structure of the normalized plant.

Fig. 2. Normalized plant.
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