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a b s t r a c t

This paper mainly studies the asynchronous control problem for a class of discrete-time impulsive
switched systems, where “asynchronous” means the switching of the controllers has a lag to the
switching of system modes. By using multiple Lyapunov functions (MLFs), the much looser asymptotic
stability result of closed-loop systems is derived with a mode-dependent average dwell time (MDADT)
technique. Based on the stability result obtained, the problem of asynchronous control is solved under a
proper switching law. Moreover, the stability and stabilization results are formulated in form of matrix
inequalities that are numerically feasible. Finally, an illustrative numerical example is presented to show
the effectiveness of the obtained stability results.

& 2013 ISA. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Switched systems, which consist of a finite number of distinct
active subsystems and a switching rule that orchestrates switching
between these subsystems, form an important class of hybrid
systems. The motivation for studying switched systems comes
from the fact that such systems have a lot of applications in the
control of systems. Examples include robotics, power electronics,
aircraft and air traffic control, and many other fields.

The stability problem, caused by diverse switching, is a major
concern in the area of switched systems [1–6,17,18]. So far, two
stability issues, the stability under arbitrary switching and the one
under constrained switching, have been studied. The main method
to solve the former issue is to construct a common Lyapunov
function (CLF). As for the issue of constrained switching, an
improved method is to use the multiple Lyapunov functions
(MLFs) [19,20]. As a class of typical constrained switching signals,
many researchers use the average dwell time (ADT) approach to
design the switching law. The ADT switching means that the
number of switches in a finite time interval is bounded and the
average time between consecutive switching is not less than a
constant. This method has been widely used to investigate the

stability and stabilization problems of constrained switched sys-
tems [7–9]. Recently, a new method called mode-dependent
average dwell time (MDADT) is proposed in [10]. The new method
has been proved to be more applicable than the ADT.

Usually, due to abrupt changes at certain instants during the
dynamical process, it inevitably exists impulsive dynamical beha-
viors. Switched systems with this behavior can be modeled as
impulsive switched systems. Therefore, it is important and, in fact,
necessary to study impulsive switched systems. Some results can
be seen in [11–13]. For example in [11], the author investigated the
exponential stability problems of nonlinear impulsive switched
systems. The authors in [13] studied the stability and stabilization
problems of impulsive switched systems with time-delay.

In practice, when the systems are switching between the
subsystems, the matched controllers cannot operate immediately.
It inevitably takes some time to identify the system modes and
apply the matched controllers. Such a behavior is called asynchro-
nous behavior, and it usually results in unsatisfactory performance
and even instability. However, in the past numerous studies, a
common assumption is that the controllers are switched synchro-
nously with the switching of system modes, which is quite ideal.
So it is necessary to consider this case when stabilizing the
switched systems. Recently, the research of asynchronous stabili-
zation and control has become a hot topic, and some related
results can be seen in [8,14].

Up to now, most works have been done in connection with
impulsive switched systems or asynchronous switched systems.
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To the best of our knowledge, there is no result considering both
the impulsive effects and asynchronous behaviors, which inspires
us for this study. In this paper, by using MLFs, the much looser
asymptotic stability result of closed-loop systems is derived with
the MDADT technique. Based on the stability result obtained,
a special algorithm is derived to solve the asynchronous stabiliza-
tion problem.

The remainder of the paper is organized as follows. System
descriptions and necessary lemmas are presented in Section 2. In
Section 3, stability of closed-loop systems is studied. In Section 4,
under a proper switching law, the asynchronous control problem
is solved for the impulsive switched systems. In Section 5,
numerical examples are presented to testify effectiveness of the
obtained results. Finally, a conclusion is given in Section 6.

Notations 1. The notation used in this paper is fairly standard.
N and Nþ denote the set of the natural numbers and the set of
positive integers respectively. The superscript ‘T’ stands for matrix
transpose. I represents the identity matrix in the block matrix.
Rn denotes the n-dimensional Euclidean space. The notation J J
refers to the Euclidean vector norm. C1 denotes the space of
continuously differentiable functions, and a function α :

½0;1Þ-½0;1Þ is said to be of class K1 if it is continuous, strictly
increasing, unbounded, and αð0Þ ¼ 0. Also, a function β : ½0;1Þ �
½0;1Þ-½0;1Þ is said to be of class KL if βð�; kÞ is of class K for each
fixed kZ0 and βðs; kÞ decreases to 0 as k-1 for each fixed sZ0.
We use P40ðZ ; o ; r Þ to denote a positive define (semi-positive
define, negative define, semi-negative define) matrix P. λmaxðPÞ
and λminðPÞ denote the maximum and minimum eigenvalues of P.
In addition, in symmetric block matrices or long matrix expres-
sions, we use n as an ellipsis for the terms that are introduced
by symmetry and diagf⋯g stands for a block-diagonal matrix. If
not explicitly stated, matrices are assumed to have compatible
dimensions.

2. System descriptions and preliminaries

Consider the following class of nonlinear impulsive switched
systems:

xðkþ1Þ ¼ AsðkiÞxðkÞþBsðkiÞuðkÞ; kAðki; kiþ1�
ΔxðkÞ ¼DsðkiÞxðkÞþ f ðk; xðkÞÞ; k¼ ki
xðkþ

0 Þ ¼ x0

8><
>: ð1Þ

where xðkÞARn is the state, uðkÞARm is the control input.
AsðkiÞARn�n; BsðkiÞARn�m; DsðkiÞARn�n are the known matrices.
f ðk; xðkÞÞ is a nonlinear function and f ðk;0Þ � 0 for all kA ½k0;1Þ.
ΔxðkiÞ ¼ xðkþ

i Þ�xðk�
i Þ ¼ xðkþ

i Þ�xðkiÞ, with xðk�
i Þ ¼ xðkiÞ ¼ Asðki� 1Þ

xðki�1ÞþBsðki� 1Þuðki�1Þ. So, we can get xðkþ
i Þ ¼ ðIþDsðki� 1ÞÞxðkiÞþ

f ðki; xðkiÞÞ, which means that the state x(k) changes from xðk�
i Þ to

xðkþ
i Þ at the switching instant because of the impulsive effects. We

define sðkÞ as a switching signal, which is piecewise constant
function of time and takes its values in the finite set S¼ f1;…;Mg,
M is the number of subsystems. For a switching sequence
0ok0ok1o⋯kiokiþ1o⋯, sðkÞ, when kAðki; kiþ1�, we say that
the sthðkiÞ subsystem is activated, and for sðkiÞ, sðkiÞ- f1;2;…;Mg.

We now consider a class of switched linear feedback controllers
uðkÞ ¼ KsðkiÞxðkÞ, where KsðkiÞARm�n is a constant matrix. We call u
(k) as the matched controller. But in practice, it inevitably takes
some time to identify the system mode and apply the matched
controller, in other words, there is some time that the subsystem is
controlled by the unmatched controller. Without loss of generality,
we define ûðkÞ ¼ Ksðki� 1ÞxðkÞ as the unmatched controllers, where
Ksðki� 1ÞARn�m is a constant matrix. Then, we obtain the following

closed-loop system:

xðkþ1Þ ¼ ðAsðkiÞ þBsðkiÞKsðki� 1ÞÞxðkÞ; kA ðki; ki�;
xðkþ1Þ ¼ ðAsðkiÞ þBsðkiÞKsðkiÞÞxðkÞ; kAðki; kiþ1�;
ΔxðkÞ ¼DsðkiÞxðkÞþ f ðk; xðkÞÞ; k¼ ki;

xðkþ
0 Þ ¼ x0

8>>>>><
>>>>>:

ð2Þ

where iZ1, and the notation ki, kiokirkiþ1 represents the
starting-operating instant of matched controller. If i¼0, the
closed-loop system is

xðkþ1Þ ¼ ðAsðk0Þ þBsðk0ÞKsðk0ÞÞxðkÞ; kA ½k0; k1� ð3Þ

which means that there are no impulsive and asynchronous effects
at the initial instant.

To obtain the desired results, we now introduce the following
assumptions and definitions which will be used in the sequel.

Assumption 1. In order to obtain the desired results, we let the
unknown function f ðk; xðkÞÞ satisfy the following inequalities:

J f ðk; xðkÞÞJrηJxðkÞJ
for all kA ½k0;1Þ, where η is a positive constant.

Definition 1 (Liberzon [1]). The switched system (1) with uðkÞ � 0
is globally uniformly asymptotically stable (GUAS) if there exists a
class KL function β such that for all switching signals s and all
initial condition xðk0Þ, the solutions of (1) satisfy the inequality

JxðkÞJrβðJxðk0ÞJ ; kÞ; 8kZk0:

Definition 2 (Zhao et al. [10]). For switching signal sðkÞ and each
KZkZ0. Let NpðK ; kÞ be the switching numbers that the pth
subsystem is activated over the interval ½k;K� and TpðK; kÞ denote
the total running time of the pth over the interval ½k;K�. We say
that sðkÞ has a mode-dependent average dwell time (MDADT) τp if
there exist positive numbers N0p (we call N0p the mode-dependent
chatter bounds here) and τp such that

NpðK ; kÞrN0pþ
TpðK; kÞ
τp

; 8KZkZ0; 8pAS:

Remark 1. Definition 2 constructs a novel set of switching signals
with a MDADT property, it means that if there exist positive
numbers τp, pAS such that a switching signal has the MDADT
property, we only require the average time among the intervals
associated with the pth subsystem is larger than τp (note that the
intervals here are not adjacent).

In order to complete the proof, the following lemmas are also
needed.

Lemma 1 (Xu and Teo [11]). Let PARn�n be a given symmetric
positive definite matrix and let QARn�n be a given symmetric matrix.
Then

λminðP�1Q ÞΩðkÞrxðkÞTQxðkÞrλmaxðP�1Q ÞΩðkÞ
for all xðkÞARn, where ΩðkÞ ¼ xðkÞTPxðkÞ, while λmaxð�Þ and λminð�Þ
denote, respectively, the largest and the smallest eigenvalues of the
matrix inside the brackets.

Lemma 2 (Shi et al. [15]). Given matrices M, E and F with compa-
tible dimensions and F satisfying FTFr I, then the following inequal-
ities hold for any ɛ40:

MFEþETFTMT rɛMMT þɛ�1ETE:
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