
Sensors and Actuators B 245 (2017) 574–582

Contents lists available at ScienceDirect

Sensors  and  Actuators  B:  Chemical

jo u r nal homep age: www.elsev ier .com/ locate /snb

Density  measurement  sensitivity  of  micro-cantilevers  influenced  by
shape  dimensions  and  operation  modes

Libo  Zhaoa,∗,  Yingjie  Hua,  Rahman  Hebibulb,  Yong  Xiaa, Linya  Huanga,  Yulong  Zhaoa,
Zhuangde  Jianga

a State Key Laboratory for Manufacturing Systems Engineering, International Joint Laboratory for Micro/Nano Manufacturing and Measurement
Technologies, Collaborative Innovation Center of Suzhou Nano Science and Technology, Xi’an Jiaotong University, Xi’an 710049, Shannxi, China
b School of Automotive, Mechanical and Electrical Engineering, Xinjiang Vocational & Technical College of Communications, Urumqi 831401, Xinjiang, China

a  r  t  i  c  l e  i  n  f  o

Article history:
Received 29 September 2016
Received in revised form
19 December 2016
Accepted 31 January 2017
Available online 1 February 2017

Keywords:
Coupled fluid-solid simulation
Micro-cantilever
Density
Sensitivity
Operation mode

a  b  s  t  r  a  c  t

The  coupled  fluid-solid  simulations  have  been  developed  to analyze  the  density  measurement  sensitiv-
ity  (DMS)  of  resonant  micro-cantilevers  with  different  shapes,  dimensions  and operation  modes.  The
analytical  formulas  have  been  established  to illustrate  the  relationship  of  resonant  frequency  shifts  and
densities  of working  fluids.  The  coupled  fluid-solid  simulation  analyses  and  experimental  results  have
been  used  to  study  the  effects  of micro-cantilevers  with  different  dimensions  on the  DMS  under  bending
and  torsion  modes.  The  influences  of  micro-cantilevers  with  different  shapes  on the  DMS  have  been  also
discussed  and analyzed.  It  is  concluded  that  the  length  and  free  end  width  of  micro-cantilever  as  well
as  operation  mode  are  the key  factors  affecting  the  DMS.  In addition,  the  proposed  coupled  fluid-solid
simulation  method  is an  important  instruction  in the aspect  of  micro-cantilever  design.  At the  last,  the
resonant  frequency  stability  and  resolution  of  sensor  were  analyzed  to  better  understand  the  sensor’s
performance.

©  2017  Elsevier  B.V.  All  rights  reserved.

1. Introduction

Since the twentieth century, many scholars have studied dif-
ferent resonant micro structures to measure fluid density quickly
and conveniently [1–6], such as cantilevers [1], channels [2], and
plates [3]. Among these structures, micro-cantilever is most widely
used for its simple structure, easy fabrication, and high degree of
miniaturization for possible direct integration with other devices
and functions [7–10]. Fluid density is measured by the variation of
equivalent mass of the resonator that is submerged in the fluid to
cause the resonance frequency shift. In this paper, the fluid density
measurement sensitivity (DMS) is defined as the ratio of resonance
frequency shift to the fluid density variation. Therefore, a large res-
onance frequency shift based on the same density variation results
in a large DMS.

Previously, M.  T. Boudjiet et al. used the micro-cantilever to
measure the concentration of hydrogen in nitrogen [11]. Results
shown that the wider and shorter rectangular-shaped cantilever
had better sensitivity than either U- or T-shaped cantilevers with
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the similar dimensions, while the thickness of cantilever did not
affect sensitivity. I. Dufour [12] studied the effect of hydrody-
namic force on the vibration spectrum of micro-cantilever in
the areas of chemical detections in liquid media or the detec-
tions of thermophysical properties of fluid, in order to improve
the measurement sensitivity. H. Hocheng et al. [13] shown that
low-aspect-ratio cantilever with high-aspect-ratio inner cut could
achieve high sensitivity. A. Loui et al. [14] revealed that high-aspect-
ratio micro-cantilever with longer length was  the optimal design
for point-loading applications such as microscopy and force mea-
surements, while low-aspect-ratio cantilever with shorter length
was the optimal design for surface stress-loading occurring in bio-
logical and chemical applications. S. Morshed et al. [15] found
that large clamping width or reduced effective mass at the free
end of the cantilever could enhance sensing sensitivity. P. S. Wag-
goner et al. [16] shown that device geometry had little or no effect
on sensitivity. Most of these aforementioned micro-cantilevers
operated under the bending mode without considering other vibra-
tion modes. Russell Cox et al. [17] studied the effect of liquid
viscosity and density on the characteristics of laterally excited
micro-cantilevers with different ratios of width to thickness, but
the lateral resonance is also another type of bending resonance that
is vibrating in a large dimension plane.

http://dx.doi.org/10.1016/j.snb.2017.01.201
0925-4005/© 2017 Elsevier B.V. All rights reserved.

dx.doi.org/10.1016/j.snb.2017.01.201
http://www.sciencedirect.com/science/journal/09254005
http://www.elsevier.com/locate/snb
http://crossmark.crossref.org/dialog/?doi=10.1016/j.snb.2017.01.201&domain=pdf
mailto:libozhao@mail.xjtu.edu.cn
dx.doi.org/10.1016/j.snb.2017.01.201


L. Zhao et al. / Sensors and Actuators B 245 (2017) 574–582 575

Sensitivity improvement is very important to pursue the mea-
surements with high precision and high signal-to-noise ratio.
So different micro-cantilevers with various lengths and free end
widths are analyzed, and a lot of experimental researches are
implemented in order to enhance the sensing sensitivity of MEMS
resonance density sensor. The coupled fluid-solid simulations are
also developed to validate the theory results. Based on the simula-
tion analyses and experimental results, the DMS  could be improved
by several methods such as optimizing micro-cantilever shape,
reducing its length, and using higher operation mode.

2. Theory

The stiffness of a typical micro-cantilever in the bending mode
has the minimum value than that in other resonant modes. There-
fore, the first order resonant mode of a micro-cantilever is always
the first order bending mode [18]. This study focuses on the rela-
tionships of structural parameters and the DMS  under different
resonant modes.

When the Re (Reynolds number) of a micro-cantilever immersed
in the fluid is larger than 1, the effect of viscous damping is much
smaller than that of inertial damping of fluid [17]. Then, the effect
of fluid viscosity can be neglected. Based on the Euler-Bernoulli
beam, when the length of a slender rectangular micro-cantilever
is five times larger than its width, the resonant frequency of the
micro-cantilever immersed in the fluid has the relationship with
fluid density as follows [19]:

ffluid

fvac
=

(
1 + ��fw

4�cd

)−1/2
(1)

where ffluid and fvac are the resonant frequencies of micro-cantilever
in the fluid and vacuum, respectively; �f is the density of fluid; �c

is the density of micro-cantilever; w and d are width and thickness
of micro-cantilever, respectively.

Through mathematical conversion, the density of fluid can be
expressed by:
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Considering different micro-cantilevers with various shapes, a
parameter � denoting the shape of micro-cantilever is introduced
into Eq. (2) as follows [20]:
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(3)

For the rectangular micro-cantilever, the parameter � is equal
to 1.

When Eq. (3) is differentiated on both sides, Eq. (4) is obtained
as:

��f = −8˛�cdf 2
vac

�wf 3
fluid

�ffluid (4)

In this study, the first order bending mode of micro-cantilever is
considered, and the resonant frequency f n

f of the nth order resonant
mode in vacuum can be expressed as follows [21]:

f n
f = d�2

n

4�l2

√
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where �n is the nth order positive root of the equation of
1 + cosh(�n) × cos(�n) = 0, and �1 = 1.8751, �2 = 4.6941, �3 = 7.8548,
�4 = 10.9955 and �5 = 14.1372 for the first five orders, and
�n = �(n–1/2) for the higher order, and l is the length of micro-
cantilever, E is elastic modulus of micro-cantilever.

Fig. 1. The design of micro-cantilever chip.

The first order resonant frequency of micro-cantilever in vac-
uum is expressed as follows:

fvac = d�2
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The DMS  can be derived by substituting Eqs (3) and (6) into Eq.
(4):
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where S is the DMS, and it will be increased by reducing length
l. However, the effects of width w and thickness d are more
complicated. Therefore, this paper focused on the influences of
micro-cantilever length and shape on the DMS.

3. Design

A rectangular micro-cantilever was  taken as an example to illus-
trate its structure as shown in Fig. 1, where l, w and d denoted its
length, width and thickness. There were coil, four piezoresistors
to compose Wheatstone bridge, inside leads and welding pads. The
micro-cantilever was fabricated using the Micro Electromechanical
Systems (MEMS) technology [22]. The vibration of micro-cantilever
was excited by Lorentz force which was  generated by electrified
coil in a magnetic field, and detected by the output of Wheatstone
bridge.

Three different micro-cantilever chips with rectangular, trape-
zoidal, triangular structures were designed in this paper. The
micro-cantilevers with variable cross-section were proposed in this
study. We  know that rectangle and triangle are two  special struc-
tures. For a rectangle, the width of its free end is equal to that of its
fixed end, and for a triangle, the width of its free end is equal to zero.
The micro-cantilever chips with three different shapes had three
different lengths of 1.5 mm,  1.7 mm and 1.9 mm,  respectively, and
the thicknesses of these chips were all 25 �m.  Fig. 2 was the scan-
ning electron microscope (SEM) photos of three chips with different
shapes.

Because the deflection of micro-cantilever under third order res-
onant mode was  so small, the output voltage of Wheatstone bridge
was too weak and could not be detected to determine the reso-
nant frequency in this research. Therefore, both the simulation and
experiment sections were all concentrated on the first two order
modes.

4. Simulation of DMS

4.1. The conditions of simulation

A coupled fluid-solid simulation was implemented using ANSYS
multi-physics software to analyze a rectangular micro-cantilever in
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