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a b s t r a c t

This paper is concerned with Stackelberg–Nash strategies to control parabolic equations. We have one
control, the leader, that is responsible for a null controllability property; additionally, we have a couple of
controls, called the followers, that provides a Nash equilibrium for two cost functionals. This is a classical
situation in many fields of science and, in mathematics, leads to a lot of interesting questions and open
problems and possesses many applications. In the main result, we prove the existence of a leader such
that the corresponding controlled system is driven to zero. This way, we improve some questions that
were left open in previous works.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

There are plenty of situations where several controls are re-
quired in order to drive a system to one ormore objectives. Usually,
if we assign different roles to the controls, we speak of hierarchic
control. In the case of a system governed by a PDE, this concept
was introduced by J.-L. Lions (see [1,2], where some techniques are
presented). These works motivated the study of the subject and a
lot of other results appeared; see for instance [3–7].

All these previous works combine the multicriteria optimiza-
tion concepts and arguments and approximate controllability. In
the context of null controllability, few is known; see [8] for some
first results.

In this paper, we solve a question that was left open in [8].
The solution requires some careful computations based on new
Carleman estimates. Let us be more precise.

LetΩ ⊂ Rn be a bounded domain whose boundary Γ is regular
enough. Let T > 0 be given and define Q := Ω × (0, T ), with
lateral boundary Σ := ∂Ω × (0, T ). In the sequel, we will denote
by C a generic positive constant which may differ from line to line.
Sometimes, we will write C(Ω), C(Ω, T ), etc. to indicate the data
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on which C depends. The usual norm and scalar product in L2(Ω)
will be respectively denoted by ∥ · ∥ and (· , ·).

Let us consider the linear system⎧⎨⎩yt −∆y + a(x, t)y = f 1O + v11O1 + v21O2 in Q ,
y = 0 on Σ,

y(·, 0) = y0 in Ω,

(1)

where y = y(x, t) is the state, a ∈ L∞(Q ) and y0 = y0(x) is
prescribed. In (1), the set O ⊂ Ω is the main control domain
and O1,O2 ⊂ Ω are the secondary control domains (all of them
are supposed to be small); 1O , 1O1 and 1O2 are the characteristic
functions ofO,O1 andO2, respectively; the controls are the leader
f = f (x, t) and the followers v1 = v1(x, t) and v2 = v2(x, t).

Let O1,d, O2,d ⊂ Ω be open sets, representing observa-
tion domains for the followers. We will consider the (secondary)
functionals

Ji(f ; v1, v2) :=
αi

2

∫∫
Oi,d×(0,T )

⏐⏐y − yi,d
⏐⏐2 dx dt

+
µ

2

∫∫
Oi×(0,T )

|vi|
2
dx dt, i = 1, 2,

and the main functional

J (f ) :=
1
2

∫∫
O×(0,T )

|f |2dx dt,
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where the αi > 0 and µ > 0 are constants and the yi,d = yi,d(x, t)
are given functions.

The structure of the control process can be described as follows:

1. For each leader f , the followers v1 and v2 intend to be a
Nash equilibrium for the costs Ji (i = 1, 2). In other words,
once f has been fixed, we look for a couple (v1, v2) with
vi ∈ L2(Oi × (0, T )) such that

J1(f ; v1, v2) = min
v̂1

J1(f ; v̂1, v2),

J2
(
f ; v1, v2

)
= min

v̂2
J2(f ; v1, v̂2).

(2)

Note that, if the functionals Ji (i = 1, 2) are C1 and convex,
then (v1, v2) is a Nash equilibrium if and only if

J ′1(f ; v
1, v2)(v̂1, 0) = 0,

∀v̂1 ∈ L2 (O1 × (0, T )) , vi ∈ L2(Oi × (0, T ))

and

J ′2(f ; v
1, v2)(0, v̂2) = 0,

∀v̂2 ∈ L2 (O2 × (0, T )) , vi ∈ L2(Oi × (0, T )).

(In fact, this is also true if Ji is C1 and convex in the ith
variable.)

2. Let us fix an uncontrolled trajectory of (1), that is, a suffi-
ciently regular solution to the system⎧⎨⎩yt −∆y + a(x, t)ȳ = 0 in Q ,

y = 0 on Σ,

y(·, 0) = y0 in Ω.

(3)

Once the Nash equilibrium has been identified and fixed for
each f , we look for an optimal control f̂ ∈ L2(O×(0, T )) such
that

J(f̂ ) = min
f

J(f ),

subject to the exact controllability restriction

y(·, T ) = y(·, T ) in Ω. (4)

In [8] it is proved that, if µ is large enough, for every f ∈

L2(O × (0, T )) there exists a unique Nash equilibrium (v1, v2) for
(J1, J2), given by

vi = −
1
µ
φi1Oi , i = 1, 2,

where (y, φ1, φ2) is the unique solution to the optimality system⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
yt −∆y + a(x, t)y = f 1O −

2∑
i=1

1
µ
φi1Oi in Q ,

−φi
t −∆φi

+ a(x, t)φi
= αi(y − yi,d)1Oi,d in Q ,

y = 0, φi
= 0 on Σ,

y(·, 0) = y0, φi(·, T ) = 0 in Ω.

(5)

The main result of this paper concerns the exact controllability
to the trajectories of (1)–(2). It is the following:

Theorem 1. Suppose that

Oi,d ∩ O ̸= ∅, i = 1, 2. (6)

Also, assume that one of the following two conditions holds:

O1,d = O2,d (7)

or

O1,d ∩ O ̸= O2,d ∩ O. (8)

Fig. 1. O1,d and O2,d are disjoint.

Fig. 2. O1,d and O2,d are not disjoint and their intersection cuts O.

Fig. 3. O1,d and O2,d are not disjoint, their intersection cuts O and their individual
intersections with O are ordered.

Then, there exists µ0 > 0, only depending on Ω , O, T , Oi, Oi,d, αi
and ∥a∥L∞(Q ) and a positive function ρ̂ = ρ̂(t) blowing up at t = T
such that, if µ ≥ µ0, the yi,d are such that∫∫

Oi,d×(0,T )
ρ̂2

|y − yi,d|2 dx dt < +∞, i = 1, 2

and ȳ is the unique solution to (3) associated to the initial state
y0 ∈ L2(Ω), there exist controls f ∈ L2(O × (0, T )) and associated
Nash equilibria (v1, v2) such that the corresponding solutions to (1)
satisfy (4).

Remark 2. It is worth mentioning that, in [8], the authors have
proved this result in the particular case in which (6) and (7)
are satisfied. Figs. 1–3 illustrate some situations where this fails
and (6) and (8) hold simultaneously. □

Note that, if we introduce the new variable z = y − ȳ, (5) can
be rewritten in the form⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

zt −∆z + a(x, t)z = f 1O −

2∑
i=1

1
µ
φi1Oi in Q ,

−φi
t −∆φi

+ a(x, t)φi
= αi(z − zi,d)1Oi,d in Q ,

z = 0, φi
= 0 on Σ,

z(·, 0) = z0, φi(·, T ) = 0 in Ω,

(9)

where zi,d = yi,d − ȳ and z0 = y0 − y0 and (4) is equivalent to the
null controllability property for z, that is,

z(·, T ) = 0 in Ω. (10)

The proof of Theorem1 relies on some duality argumentswhich
reduce the null controllability property of a linear system to an
observability inequality for the solutions to the associated adjoint
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