
Accepted Manuscript

Title: Locally-exact homogenization theory for transversely
isotropic unidirectional composites

Author: Guannan Wang Marek-Jerzy Pindera

PII: S0093-6413(15)00160-3
DOI: http://dx.doi.org/doi:10.1016/j.mechrescom.2015.09.011
Reference: MRC 3008

To appear in:

Received date: 19-5-2015
Revised date: 17-8-2015
Accepted date: 24-9-2015

Please cite this article as: Wang, G., Pindera, M.-J.,Locally-exact homogenization
theory for transversely isotropic unidirectional composites, Mechanics Research
Communications (2015), http://dx.doi.org/10.1016/j.mechrescom.2015.09.011

This is a PDF file of an unedited manuscript that has been accepted for publication.
As a service to our customers we are providing this early version of the manuscript.
The manuscript will undergo copyediting, typesetting, and review of the resulting proof
before it is published in its final form. Please note that during the production process
errors may be discovered which could affect the content, and all legal disclaimers that
apply to the journal pertain.

http://dx.doi.org/doi:10.1016/j.mechrescom.2015.09.011
http://dx.doi.org/10.1016/j.mechrescom.2015.09.011


Page 1 of 15

Acc
ep

te
d 

M
an

us
cr

ip
t

Publication Office:

Mechanics Research Communications.
Year

Elsevier UK 

Editor-in-Chief: A. Rosato  New Jersey Institute of Technology, Newark, New Jersey, 
USA Anthony.Rosato@njit.edu

0093-6413© 2015 The Authors. Published by Elsevier Ltd.

Locally-exact homogenization theory for transversely isotropic 
unidirectional composites

Guannan Wang and Marek-Jerzy Pindera
1University of Virginia, Charlottesville, Virginia 22904
 *mp3g@virginia.edu

Tel.:+1-434-924-1040; fax: +1-434-982-2951

Accepted: 

Abstract

The locally-exact homogenization theory for unidirectional composites with square periodicity and isotropic phases proposed by Drago and 
Pindera [18] is extended to architectures with hexagonal symmetry and transversely isotropic phases. The theory employs Fourier series 
representation for the displacement fields in the fiber and matrix phases in the cylindrical coordinate system that satisfies exactly the 
equilibrium equations and continuity conditions in the unit cell’s interior. The inseparable exterior problem involves satisfaction of periodicity 
conditions for the hexagonal unit cell geometry demonstrated herein to be readily achievable using the previously introduced balanced 
variational principle for square geometries. This variational principle plays a key role in the employed unit cell solution, ensuring rapid 
convergence of the Fourier series coefficients with relatively few harmonic terms, yielding converged homogenized moduli and local stress 
fields with little computational effort. The solution's stability is illustrated using the dilute case which is shown to reduce to the Eshelby 
solution regardless of the employed number of harmonic terms. Comparison with published results and predictions of a finite-volume based 
homogenization in a wide fiber volume range and different fiber/matrix modulus contrast validates the approach's accuracy, and its utility is 
demonstrated through rapid local stress recovery in a multi-scale application. This extension completes the development of the theory for three 
important classes of unidirectional reinforcement arrays, thereby providing an efficient alternative to finite-element based homogenization 
techniques or approximate micromechanical schemes, as well as an efficient standard against which other methods may be compared.

© 2015 The Authors. Published by Elsevier Ltd.
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1. Introduction

    Most homogenization techniques for periodic materials rely 
on numerical solutions of the unit cell boundary-value 
problem using finite-element or finite-volume techniques 
[1,2]. Interest in elasticity-based methods has revived within 
the past 15 years in light of advances in computational 
technology, as well as due to the potential advantages offered 
by these techniques [3,4]. For instance, microstructural 
optimization will profit from analytical solutions of unit cell 
problems due to the significantly smaller design variable 
space, more efficient specification of objective functions and 
implementation of more efficient search procedures. Another 
application is the reconstruction of local fields from 
homogenized-based results within a multi-scale analysis of 

local failure modes [5], and material development which 
relies on rapid answers to what/if questions. Theoretical issues 
concerning the use of approximations in homogenization 
schemes may also be addressed by elasticity solutions [6].
    Elasticity solutions for the homogenized moduli of periodic 
heterogeneous materials had been developed by a number of 
investigators with various degrees of success since the early 
development stage of composite materials. For unidirectional 
composites with circular fibers or porosities the main obstacle 
to an accurate solution is the inseparable nature of the 
problem due to the different coordinate systems required to 
solve the interior and exterior unit cell problems. The interior 
problem involves satisfaction of the elasticity field equations 
subject to the fiber/matrix continuity conditions most 
conveniently implemented in the cylindrical coordinate 
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