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a b s t r a c t 

There is an extensive literature on imperfect maintenance models. Among them, we have proposed in Doyen and 

Gaudoin (2004) [13] the classes of ARA and ARI models. These models express the effect of maintenance by an 

Arithmetic Reduction of Age (for ARA models) and an Arithmetic Reduction of Intensity (for ARI models). The 

aim of this paper is to study the possibility of building equivalent models with a Geometric Reduction of Age 

or Intensity: the GRA and GRI models. Several ideas leading to different possible models are presented. A list of 

potential GRI-GRA models is established. A brief illustration of their behavior is given based on simulated data 

and an application to real maintenance data is presented. 

© 2017 Elsevier Ltd. All rights reserved. 

1. Introduction 

The reliability of a repairable system depends on both the ageing pro- 

cess and the effectiveness of maintenance actions. In this paper, we con- 

sider only corrective maintenance or repair, but the same kind of prob- 

lems can be studied when both corrective and preventive maintenances 

are considered. The basic assumptions on maintenance effectiveness are 

known as minimal maintenance or As Bad As Old (ABAO) effect and per- 

fect maintenance or As Good As New (AGAN) effect. The corresponding 

stochastic models for the failure process are respectively the Non Ho- 

mogeneous Poisson Processes (NHPP) and the Renewal Processes (RP). 

Reality is generally between these two extreme cases: a standard main- 

tenance is better than minimal but not necessarily perfect. This is known 

as imperfect maintenance. 

Many imperfect maintenance models have been proposed. All these 

models are defined by their assumptions on intrinsic ageing and main- 

tenance effect. Among them, some of the most usual models are the 

Brown-Proschan [3] , Virtual Age [15] and Geometric Process [16] mod- 

els. 

In [12] , we have proposed two classes of models, the ARA and ARI 

models, for which the effect of maintenance is expressed respectively by 

an Arithmetic Reduction of virtual Age and an Arithmetic Reduction of 

failure Intensity. The ARA models, and to a lesser extent the ARI models, 

have been widely used [18,8,20,23,9,10,21] and have been proved to 

Abbreviation: ABAO, As Bad As Old; AGAN, As Good As New; AIC, Akaike Information Criterion; ARA, Arithmetic Reduction of Age; ARI, Arithmetic Reduction of Intensity; BP, 

Brown-Proschan; CP, Calabria-Pulcini; GFRR, Geometric Failure Rate Reduction; GP, Geometric Process; GRA, Geometric Reduction of Age; GRI, Geometric Reduction of Intensity; LLP, 

Log Linear Process; NHPP, Non Homogeneous Poisson Process; PLP, Power Law Process; QR, Quasi-Renewal; RP, Renewal Process. 
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provide a good fit for many real maintenance data sets. In [12] , we said 

that other types of reduction such as geometric reduction can be considered , 

but this idea was not developed at that time. At first look, using a ge- 

ometric reduction of age or intensity is an attractive prospect because 

it opens the possibility of considering behaviors in the failure process 

which cannot be tackled by ARA and ARI models, such as a stronger 

slowdown of the wear. Moreover, this idea could provide a trade-off

between ARA-ARI models and the Geometric Process. 

So the aim of this paper is to study the possibility of building im- 

perfect maintenance models with a Geometric Reduction of Age or Ge- 

ometric Reduction of Intensity: the GRA and GRI models. For the sake 

of simplicity, we will consider only the equivalent of ARA 1 and ARI 1 
models. An unexpected result of this study is that it revealed a problem 

that may happen in some cases with the usual definition of the ARI 1 
model. So an alternate definition of the ARI 1 model is proposed. 

Section 2 recalls the general framework on imperfect mainte- 

nance modelling and briefly describes the most usual models. Section 

3 presents in more details the ARA and ARI models. In Sections 4 and 

5 , several ideas leading to different possible GRI-GRA models are pre- 

sented. A list of potential models is established, in which the models are 

defined by their failure intensity. The models derived from a direct adap- 

tation of the ARI-ARA assumptions are presented in Section 4 . Since this 

approach appears to be not satisfactory, other propositions are given in 
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Section 5 . Some experimental results are presented in Section 6 , based 

on simulated and real maintenance data. Finally, Section 7 draws some 

conclusions. 

2. Imperfect maintenance models 

2.1. General framework 

Let { 𝑇 𝑖 } 𝑖 ≥ 1 be the successive failure times of a repairable system, 

starting from 𝑇 0 = 0 . We assume that a corrective maintenance, or repair 

task, is performed after each failure. Repair durations are assumed to be 

negligible, so the failure and repair times can be confounded. Let { 𝑋 𝑖 } 𝑖 ≥ 1 
be the times between failures ( 𝑋 𝑖 = 𝑇 𝑖 − 𝑇 𝑖 −1 ) and N t be the number of 

failures observed up to time t . Failure times are recurrent events and, 

as usual in this field [7] , it is assumed that two failures cannot occur 

simultaneously. 

Then, the failure process is a random point process. Its distribution 

can be characterized by the failure intensity, defined as [1] : 

∀𝑡 ≥ 0 , 𝜆𝑡 = lim 

Δ𝑡 →0 
1 
Δ𝑡 
𝑃 ( 𝑁 ( 𝑡 +Δ𝑡 )− − 𝑁 𝑡 − = 1 | 𝑡 − ) (1) 

where  𝑡 − is the history of the failure process just before time t , i.e. the 

set of all events occurred just before t . 𝑁 𝑡 − denotes the left-hand limit 

of N t . 

In most cases, the failure process is a self-excited process, i.e. 𝜆t is 

a function of the number of failures and the failure times before t : 𝜆𝑡 = 

𝜆𝑡 ( 𝑁 𝑡 − ; 𝑇 1 , … , 𝑇 𝑁 𝑡 − 
) . In this case, the distribution of the failure process is 

completely given by the intensity. Self-excited point processes is a wide 

class of point processes including Poisson processes, renewal processes, 

Hawkes processes and most imperfect maintenance models. 

We assume that before the first failure, the intensity is a determin- 

istic continuous function of time, denoted 𝜆( 𝑡 ) , and called the initial 

intensity. The initial intensity characterizes the intrinsic behavior of a 

new unmaintained system. 𝜆( 𝑡 ) is the hazard rate of the first failure time 

𝑇 1 = 𝑋 1 . Note that the failure intensity 𝜆t is a stochastic process while 

the initial intensity 𝜆( 𝑡 ) is a deterministic function of time. The failure 

intensity and the initial intensity are equal before the first failure, but 

after that they are different, except in the NHPP case (see below). 

The usual assumptions on the initial intensity are: 

• Power Law Process (PLP): 𝜆( 𝑡 ) = 𝛼𝛽𝑡 𝛽−1 , 𝛼 > 0 , 𝛽 > 0 . 
• Log-Linear Process (LLP): 𝜆( 𝑡 ) = exp ( 𝛼 + 𝛽𝑡 ) , 𝛼 ∈ ℝ , 𝛽 ∈ ℝ . 

In this paper, we will consider systems which are ageing intrinsically, 

so 𝜆( 𝑡 ) is increasing. Then 𝛽 > 1 for the PLP and 𝛽 > 0 for the LLP. 

A convenient way to define an imperfect maintenance model is to 

consider that it will be characterized by two features, which will be the 

model hypotheses: 

• H 1 : Characterizes the effect of a maintenance just after a failure, 

expressed by the relationship between the failure intensity after and 

before T i , 𝜆𝑇 + 
𝑖 

and 𝜆𝑇 − 
𝑖 

, for each 𝑖 ≥ 1 . 
• H 2 : Characterizes the behavior of the system between two suc- 

cessive failures, expressed by the expression of the intensity 𝜆t in 

] 𝑇 𝑁 𝑡 , 𝑇 𝑁 𝑡 +1 ] . 

In the NHPP case (ABAO), maintenance is minimal so we have: 

• H 1 : ∀𝑖 , 𝜆𝑇 + 
𝑖 
= 𝜆𝑇 − 

𝑖 
. 

• H 2 : The shape of the intensity has not been changed by the mainte- 

nance action. 

Then, the intensity is simply a function of time: 

𝐍𝐇𝐏𝐏 ( 𝐀𝐁𝐀𝐎 ) ∶ 𝜆𝑡 = 𝜆( 𝑡 ) (2) 

In the RP case (AGAN), maintenance is perfect and renews the sys- 

tem, so we have: 

• H 1 : ∀𝑖 , 𝜆𝑇 + 
𝑖 
= 0 . 

• H 2 : The intensity after a maintenance is the intensity of a new sys- 

tem. 

Then, the intensity is simply a function of the time elapsed since last 

repair: 

𝐑𝐞𝐧𝐞𝐰𝐚𝐥 𝐏𝐫𝐨𝐜𝐞𝐬𝐬 ( 𝐀𝐆𝐀𝐍 ) ∶ 𝜆𝑡 = 𝜆( 𝑡 − 𝑇 𝑁 𝑡 − 
) (3) 

In the following, we briefly describe the most usual imperfect main- 

tenance models. For a more exhaustive review on these models, the 

reader is referred to [22,23] and the references therein. 

2.2. Usual imperfect maintenance models 

The Virtual Age models, sometimes called G-Renewal processes, 

have been proposed by Kijima [15] . They assume that the effect of main- 

tenance is to rejuvenate the system in such a way that the intensity at 

time t is equal to the initial intensity at time V t , where the virtual age 

V t is less than t . Moreover, they assume that there exists a sequence of 

random variables { 𝐴 𝑖 } 𝑖 ≥ 1 , with 𝐴 0 = 0 , such that after the i th repair, 

the system behaves like a new one having survived without failure until 

A i . This leads to the fact that the virtual age of the system at time t is 

𝑉 𝑡 = 𝐴 𝑁 𝑡 − 
+ 𝑡 − 𝑇 𝑁 𝑡 − 

. 𝐴 𝑖 = 𝑉 + 
𝑇 𝑖 

is the virtual age just after the i th repair 

and is called the i th effective age. The hypotheses defining a Virtual Age 

model are then: 

• H 1 : The effect of the i th repair is defined by the effective age A i , or 

equivalently by the relationship between 𝑉 + 
𝑇 𝑖 

= 𝐴 𝑖 and 𝑉 − 
𝑇 𝑖 

= 𝐴 𝑖 −1 + 

𝑋 𝑖 . 
• H 2 : The intensity at time t is the initial intensity at time 𝑉 𝑡 = 𝐴 𝑁 𝑡 − 

+ 

𝑡 − 𝑇 𝑁 𝑡 − 
. 

So the failure intensity is: 

𝐕𝐢𝐫 𝐭 𝐮𝐚𝐥 𝐀𝐠𝐞 𝐦𝐨𝐝𝐞𝐥 ∶ 𝜆𝑡 = 𝜆( 𝑉 𝑡 ) = 𝜆( 𝐴 𝑁 𝑡 − 
+ 𝑡 − 𝑇 𝑁 𝑡 − 

) (4) 

The virtual age can also be written: 

𝑉 𝑡 = 𝑡 − 

𝑁 𝑡 − ∑
𝑖 =1 

[
𝑉 𝑇 − 

𝑖 
− 𝑉 𝑇 + 

𝑖 

]
(5) 

Between two consecutive failures, the virtual age is parallel to the 

real age. So the failure intensity of a virtual age model is horizontally 

parallel to the initial intensity. 

The NHPP is a Virtual Age model with ∀𝑖, 𝐴 𝑖 = 𝑇 𝑖 and the RP is a 

Virtual Age model with ∀𝑖, 𝐴 𝑖 = 0 . 
The Brown-Proschan model [3] assumes that each maintenance is 

perfect with probability p and minimal with probability 1 − 𝑝 . This 

model is a Virtual Age model (same H 2 as before) and the effective age 

is: 

• H 1 : A i is the time elapsed since the last perfect repair. 

Then, the intensity is: 

𝐁𝐫𝐨𝐰𝐧 − 𝐏𝐫𝐨𝐬𝐜𝐡𝐚𝐧 𝐦𝐨𝐝𝐞𝐥 ( 𝐁𝐏 ) ∶ 𝜆𝑡 = 𝜆

( 

𝑡 − 𝑇 𝑁 𝑡 − 
+ 

𝑁 𝑡 − ∑
𝑗=1 

[ 

𝑁 𝑡 − ∏
𝑘 =1 

(1 − 𝐵 𝑘 ) 

] 

𝑋 𝑗 

) 

(6) 

where the B k ’s are the successive repair effects: B k = 1 if the k th mainte- 

nance is AGAN, and B k = 0 if it is ABAO. 

Lam [16] and Wang and Pham [24] proposed independently two 

models which are equivalent, the Geometric Process (GP) and the Quasi- 

Renewal Process (QR). These models are based on a proportionality rela- 

tion between successive times between failures. More precisely, they as- 

sume that the times between failures { 𝑋 𝑖 } 𝑖 ≥ 1 are independent and that, 
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