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1. Introduction

As the essential technological interest of piezoelectric patches is the monitoring of a deformable body they are bonded
to, here, in the same spirit as [1], we intend to propose various asymptotic models for the behavior of the body through the
study of the system constituted by a very thin patch made of a periodic distribution of piezoelectric inclusions embedded
in a linearly elastic matrix (studied in [2,3]) perfectly bonded to a linearly elastic three-dimensional body.

A reference configuration for the linearly elastic body is a domain €2 of R3 assimilated to the Euclidean physical space
with basis {eq, ez, e3}. The set Q lies in {x3 <0} and a part of its Lipschitz-continuous boundary 92 is a nonempty domain
S of {x3 =0} such that S x (—L,0) is included in @ for some positive real number L. The patch perfectly bonded to the
body occupies B" = S x (0, h) and is made of a periodic distribution of linearly piezoelectric inclusions perfectly bonded to
a linearly elastic and electrically insulated matrix. More precisely, let Y = (0,1)2 and Y* be a subdomain strongly included
inY and I, = {ie 7% e(i+Y)C S} then if s = (g, h) is the pertinent couple of geometrical parameters of the patch, the
piezoelectric inclusions occupy Bj = S7 x (0, h), S§ = Ujej,£(i + Y*), while the elastic matrix occupies the remaining part
of B". Let O" := QU S UB". The body is clamped on a part I'g of 92\ S with a positive two-dimensional Hausdorff measure
H2(To) and subjected to body forces and surface forces on I'1 := 92\ (S UTp) of densities f and F. The whole patch is
free of mechanical loading and no electric charges lay in the inclusions. We define S8 := S + Ses, V8 € R and, if uf, e(u®)
and o denote the fields of displacement, strain and stress in O" and ¢°, DS stand for the electric potential and the electric
displacement, then part of the equations describing the electromechanical equilibriums read as:
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divesS=finO" u$=00nTy on=Fonl; on=00nS"UdS x (0,h)
divD$=0in B} DSn=00n3S{ x (0, h) (1)
oS=ae(’)inQ (o5, D% = %Ms(e(us), V¢®) in B"

f is the extension of f to B" by 0, n is the unit outward normal, a denotes the elasticity tensor, which satisfies:
aeLl®(Q; Lin(S3)), dc > 0; c|e|2 <a(x)e-e Vee SPaexeQ (2)

where Lin(SV) is the space of linear operators on the space SN of N x N symmetric matrices where the inner product and
the norm are noted - and |- | as for R3. If K:=S® x R3 is equipped with an inner product and a norm also denoted as
previously and Xy« and Lg°(Y; Lin(K)) denoting the characteristic function of Y* and the space of Y periodic elements of
L®(RZ%; Lin(K)), respectively, then M¢ is defined by:

(3)

ME(x) = M(X/e)Vx € BY M e LP(Y; Lin(K)) s.t. M = [ « _X"*ﬂ]

XyBl Xyey
with
Ik >Os.t./c|k|2§M(y)k~k ae.yeY, VkeK (4)

and, in all the sequel, for any function w of L2(Y*; RN), Xy«w is the function defined by Xy«w =0in Y \ Y* Xy:w=w
in Y*.

The models indexed by p = (P, p3), p = (p1, p2) € {1,2}%, p3 €{1,2, 3} will be distinguished according to the additional
necessary boundary conditions on S7 and Sj:= S7 + he3. The case p; =1 corresponds to a condition for the electric
displacement on S3,

D’n=¢° onSj, )1
q* being a density of charges, while p; =2 corresponds to a condition of a given electrical potential:
¢*=¢; onsj (5)2

roughly speaking p; = 1 deals with patches used as sensors, whereas p; = 2 concerns actuators (see [4,5]). The index
p2 accounts for the states of the interface between the piezoelectric inclusions and the body, p, =1 corresponds to an
electrically impermeable interface, p» =2 corresponds to a grounded interface:

D’n=0 onS7 (6)1
¢*=0 onSj. (6)2

Finally, we assume that s takes a value in a countable set with a sole cluster point such that p3 =1, 2, 3 if and only if
lims_.o(h/€) =0, 1, +00, respectively.
It will be convenient to use the following notations

k=@ 8 é=(eaplapeliz) E=(g1.8) Yk=(e,g) €K

k . 1/ps. @3 1/ps (7
(1) =k(v,¥):=(e(v), V) Vr=(v,¥)e€H (B};R°) x H (B})
An electromechanical state will be an element r = (v, ) of

V= HE, (O R?) x Wy, Wty = Hy (BY). Wa) = Hge (B). Yo,1)=Hg (B, Yoo =Hge(B)  (8)

where for any domain G of R3, HL(G;R?) and HL(G) respectively denote the subspaces of H!(G;R?) and H!(G) of all
elements with vanishing traces on a part I of 3G, while Hﬂns(Bﬁ) = {(p e H! (BY); fE(HY*) px)dk=0Viel, }
One makes the following assumptions on the data:

(pg denotes the restriction to S of an element of H'/2({x3 = 0}) still denoted by (pg
(f, F,q%) € L2(2; R3) x L2(I'1; R3) x L2(S), Jetipys @R dX=0Viel, whenp=(1,1) (Hq)
q*(x+he3) = q°(x), pj(x+he3) =hg§(X) ae.xeS]

It is well known that for all ¢§ in H'/2({x3=0}), there exists an element of H'(S x (—L,0)) when p; =1, of

H;,L (S x (—L,0)) when p; =2, still denoted by ¢;, whose trace on S is ¢. Hence the element (pgp of W5 defined by
Pop®) = he§ (&, (x3 —h)L/h) satisfies

1
Pop = Po ON S, E[IWSPIZdXSC (9)
Bj
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