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We extend the study [1] devoted to the dynamic response of a structure made up of two 
linearly elastic bodies connected by a thin soft adhesive layer made of a Kelvin–Voigt-type 
nonlinear viscoelastic material to the cases of stiff and very stiff adhesives whose mass 
vanishes. We use a nonlinear extension of Trotter’s theory of convergence of semi-groups 
of operators acting on variable spaces to identify the asymptotic behavior of the mechan-
ical state of the system, when some geometrical and mechanical parameters tend to their 
natural limits. The models we obtain describe the behavior of a structure consisting of 
two linearly elastic adherents perfectly bonded to a material deformable flat surface whose 
behavior is of the same kind as that of the genuine adhesive.

© 2016 Académie des sciences. Published by Elsevier Masson SAS. This is an open access 
article under the CC BY-NC-ND license 

(http://creativecommons.org/licenses/by-nc-nd/4.0/).

r é s u m é

Nous étendons aux adhésifs durs ou très durs, dont la masse est évanescente, l’étude 
menée en [1] consacrée au comportement dynamique d’un assemblage de deux corps 
linéairement élastiques liés par une couche adhésive mince et molle constituée d’un ma-
tériau viscoélastique non linéaire de type Kelvin–Voigt. Afin d’identifier le comportement 
asymptotique de l’état mécanique du système lorsque des paramètres mécanique et géomé-
triques tendent vers leurs limites naturelles, nous utilisons une extension non linéaire de la 
théorie de Trotter de convergence de semi-groupes d’opérateurs agissant sur des espaces 
variables. Les modèles obtenus décrivent le comportement d’une structure constituée de 
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deux adhérents élastiques parfaitement collés à une surface matérielle plate et déformable, 
dont le comportement est identique à celui de l’adhésif.

© 2016 Académie des sciences. Published by Elsevier Masson SAS. This is an open access 
article under the CC BY-NC-ND license 

(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Setting the problem

We extend to the situations of high and very high stiffness the results obtained in [1] concerning the dynamics of 
elastic bodies connected by a thin soft viscoelastic layer. Let { e1, e2, e3 } be an orthonormal basis of R3 assimilated to the 
Euclidean space. For all ξ = (ξ1, ξ2, ξ3) in R3, ξ̂ stands for (ξ1, ξ2). The space of all (n × n) symmetric matrices is denoted 
by Sn and equipped with the usual inner product and norm denoted by · and | | (as in R3). For all η in S3, η̂ stands for the 
matrix (ηαβ)1≤α,β≤2 in S2. We study the dynamic response of a structure consisting of two adherents connected by a thin 
adhesive layer which is subjected to a given loading. Let � be a domain of R3 with Lipschitz-continuous boundary ∂�. The 
intersection of � with {x3 = 0} is a domain S of R2 with a positive two-dimensional Haussdorf measure H2(S). Let ε be 
a positive number and �± := � ∩ {±x3 > 0}, then adhesive and adherents occupy Bε := S × (−ε, +ε) and �ε± := �± ± εe3
respectively; we define �ε := �ε+ ∪�ε− , Sε± := S ± εe3 and Oε := �ε ∪ Bε ∪ Sε+ ∪ Sε− . We consider a partition (	0, 	1) of ∂�

and, for all 	 in {	0, 	1}, the sets 	± , 	ε± and 	ε respectively denote 	 ∩ {±x3 > 0}, 	± ± εe3 and 	ε+ ∪ 	ε− . Moreover, we 
assume that H2(	0+ ) > 0. The structure made of the adhesive and the two adherents, perfectly stuck together along Sε± , is 
clamped on 	ε

0 and subjected to body forces of density f ε and to surface forces gε on 	ε
1 . The adherents are modeled as 

linearly elastic materials with a strain energy density W ε such that

W ε(x, e) = 1

2
aε(x)e · e, a.e. x ∈ �ε, ∀e ∈ S3 (1)

The thin adhesive is assumed to be made of a homogeneous, isotropic and “viscoelastic of Kelvin–Voigt generalized type”. 
Its strain energy density reads as μ w I , while its dissipation potential is denoted by b D, where μ and b are positive scalars; 
w I is a positive definite quadratic form on S3 and D a convex and positively homogeneous function of degree q, 1 ≤ q ≤ 2.

Let ρ > 0, ρM > ρm > 0 and ρε a measurable function. The density γ ε of the structure is equal to ρε in �ε and to ρ
in Bε . Denoting by Lin(S3) the space of linear mappings from S3 into S3, we make the following assumptions on the data:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

There exists ( f , g,a,ρ) in L2(�;R3) × L2(	1;R3) × L∞(�; Lin(S3)) × L∞(�) such that

f ε(x) = f (x ∓ εe3) a.e. x ∈ �ε±, f ε(x) = 0 a.e. x ∈ Bε

gε(x) = g(x ∓ εe3) a.e. x ∈ (	1)
ε±, gε(x) = 0 a.e. x ∈ ∂ S × (−ε, ε)

aε(x) = a(x ∓ εe3) a.e. x ∈ �ε±
ρε(x) = ρ(x ∓ εe3) a.e. x ∈ �ε±
∃am,aM > 0 s.t. am|e|2 ≤ a(x)e · e ≤ aM |e|2, ∀e ∈ S3

∃ρm,ρM > 0 s.t. ρm ≤ ρ(x) ≤ ρM , a.e. x ∈ �

(2)

Thus, the problem (Ps) of determining the dynamic evolution of the assembly involves a quadruplet s := (ε, μ, b, ρ) of 
data so that all the fields will be hereafter indexed by s. In the following, t denotes the time, e(u) is the linearized strain 
tensor associated with the field of displacement u, and ∂ J (v) denotes the subdifferential at v of any lower semi-continuous 
convex function J , while D J (v) stands for the differential at v of any Fréchet differentiable function J . If U 0

s = (u0
s , v0

s ) is 
the initial state, a formulation of (Ps) could be

(Ps)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Find us sufficiently smooth in � × [0, T ] such that us = 0 on 	ε
0 × (0, T ](

us(·,0),
∂us

∂t
(·,0)

)
= U s

0 and there exists ζ in ∂D(e(
∂us

∂t
)) satisfying:∫

Oε

γ ε ∂2us

∂t2
v dx +

∫
�ε

aεe(us) · e(v)dx +
∫
Bε

(
μ D w I (e(us)) + bζ

)
· e(v)dx =

=
∫
Oε

f ε · v dx +
∫
	ε

1

gε · v dH2

for all v sufficiently smooth in Oε and vanishing on 	ε
0

2. Existence and uniqueness

We assume that

( f , g) ∈ B V
(
0, T ; L2(�;R3)

) × B V (2)
(
0, T ; L2(	1;R3)

)
(H1)
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