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a b s t r a c t 

As shown by Wrobel, Mishuris, and Piccolroaz (2017), the hydraulically induced tangential 

traction on fracture walls changes local displacement and stress fields. This resulted in the 

formulation of a new hydraulic fracture (HF) propagation condition based on the critical 

value of the energy release rate that accounts for the hydraulically-induced shear stress. 

Therefore it is clear that the crack direction criteria, which depend on the tip distribu- 

tions of the stress and strain fields, need to be changed. We analyse the two commonly 

used criteria, one based on the maximum circumferential stress (MCS) and another - on 

the minimum strain energy density (MSED). We show that the impact of the hydraulically 

induced shear stress on the direction of the crack propagation is negligible in the case 

of large material resistance to fracture, while for small toughness the effect is significant. 

Moreover, values of the redirection angles, corresponding to the so-called viscosity domi- 

nated regime ( K IC → 0), depend dramatically on the ratios of the stress intensity factors. 

© 2017 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license. 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 

1. Introduction 

In the standard approach of Linear Elastic Fracture Mechanics (LEFM), the onset of crack propagation is found by using 

the energy release rate (ERR) criterion which, in the case of an isotropic elastic material, assumes the form ( Rice, 1968 ): 
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where ν is the Poisson’s ratio and E is the Young’s modulus, while E C and K IC are the experimentally found critical values of 

ERR and material toughness, respectively. Here K I , K II and K III are the stress intensity factors pertaining to three basic modes 

of fracture load. For pure Mode I loading, Eq. (1) transforms into the well known Irwin criterion for crack propagation 

( Irwin, 1957 ): 

K I = K IC . (2) 

However, for the mixed mode loading, determination of the direction of the crack growth is of crucial importance. 
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The path of possible crack kinks has been extensively studied for many years (see Cotterell & Rice, 1980; Leblond, 1989 ). 

Most of the developed theories are based on the information from the Irwin-Williams expansion of the crack tip field 

( Williams, 1957 ). Some more advanced criteria utilise additional material parameters related to the underlying physics or 

other arguments (size of the process zone, size of the possible kink, and so on). 

The collection of criteria for kink initiation developed so far to determine the redirection angle in fracture mechan- 

ics is extensive. Beginning with the most popular examples: maximum circumferential stress (MCS) ( Erdogan & Sih, 1963 ) 

and minimum strain energy density (MSED) ( Liebowitz & Sih, 1968; Sih, 1974 ), we can list the maximum strain energy 

release rate (MSERR) criterion ( Hussain, Pu, & Underwood, 1974; Palaniswamy & Knauss, 1972 ), the local symmetry crite- 

rion ( Goldstein & Salganik, 1974 ), the maximum dilatational strain energy density (MDSED) criterion ( Theocaris & Andri- 

anopoulos, 1982; Yehia, 1991 ), the maximum determinant of the stress tensor criterion ( Papadopoulos, 1988 ), the J-criterion 

( Hellen & Blackburn, 1975 ), the vector crack tip displacement criterion ( Li, 1989 ), the maximum normal strain criterion 

( Chang, 1981 ), the maximum potential energy release rate criterion ( Chang, Xu, & Mutoh, 2006 ), the so-called T-stresses cri- 

teria ( Williams & Ewing, 1984 ), and many others. Clearly, the applicability of any specific approach should be justified on a 

case by case basis, using the strength properties of the materials involved in the study, the loading conditions and available 

experimental data to validate the selection of criterion. It follows that there is no universal criterion valid for all possible 

applications. However, in many situations the discrepancies in prediction given by the different criteria are not large and 

are usually observable only in the deviation from the pure Mode I load (especially for the infinitesimal kinks most of the 

criteria coincide - see Cotterell & Rice (1980) ). 

When considering hydraulic fracture (HF), the prediction of the possible crack propagation path becomes even more chal- 

lenging, as the interaction between the pressurised fluid and the solid and complicated fracture network substantially in- 

creases the complexity of the problem ( Paluszny & Zimmerman, 2017; Salimzadeh, Paluszny, & Zimmerman, 2017 ). Moreover, 

the sets of credible data that could be used to verify theoretical models are limited or inaccessible. There have also been 

arguments that cast doubt on the applicability of some of the fracture criteria when applied to brittle fracture ( Chudnovsky 

& Gorelik, 1996 ) and hydraulic fracture ( Cherny et al., 2017 )). 

Wrobel, Mishuris, and Piccolroaz (2017) introduced a modified formulation of the HF problem, accounting for a hydrauli- 

cally induced tangential (asymmetrical) traction at the crack faces. It was shown that, due to the order of the tip singularity 

of the hydraulic shear stress, this component of the load cannot be omitted when computing ERR. A new parameter, the 

hydraulic shear stress intensity factor ( K f ), was introduced and proved to play an important role in the HF process. The 

amended crack propagation criterion, under remote Mode I loading conditions, was formulated as: 
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This formula includes both, the standard stress intensity factor for Mode I, K I , and the newly introduced hydraulic shear 

stress intensity factor, K f . 

Here we analyse how the shear stress induced by moving fluid at the crack faces influences the crack propagation direc- 

tion in the most general case, when all fracture modes (Mode I, II, III) are taken into account. We focus on two commonly 

used criteria, Maximum Circumferential Stress (MCS) and Minimum Strain Energy Density (MSED). Presently, we could not 

find any experimental data to verify the results and therefore determine which of the two criteria is more relevant to hy- 

draulic fracture problems. 

The structure of this paper is as follows. In Section 2 a methodology for the computation of the ERR in presence of 

the hydraulically induced shear stress for mixed mode loading is presented. An asymptotic representation of the stress and 

strain fields in the vicinity of the fracture tip is given. In Section 3 , in a new setting, two criteria are chosen for use in 

determining the crack propagation angle in the presence of hydraulic tangential traction. Corresponding results are analysed 

with respect to various crack propagation regimes and values of the Poisson’s ratio, and are compared with one another. 

Finally, we summarise our conclusions in Section 4 . 

2. Computation of the energy release rate accounting for the shear stress induced by fluid in a mixed mode setting 

In the framework of the LEFM, the ERR is computed using the standard J -integral argument ( Huber, Nickel, & Kuhn, 1993; 

Rice, 1968; Richard, Fulland, & Sander, 2004 ): 
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where �δ is a circular contour of radius δ around the fracture tip, contained in a plane orthogonal to the crack front, n is 

the outward normal to the contour �δ , and t n = σn is the traction vector along �δ (see Fig. 1 ). 

The classical fracture criterion (1) is derived directly from formula (4) , for an arbitrary mixed mode deformation and 

smooth crack front. It has been widely adopted in the analysis of hydraulic fracture ( Adachi, Siebrits, Peirce, & Desroches, 

2007; Bunger, Detournay, & Garagash, 2005; Garagash, 2006; Garagash & Detournay, 1999; Perkowska, Wrobel, & Mishuris, 

2016; Wrobel & Mishuris, 2015 ) on the ad hoc assumption that the hydraulically induced tangential traction is small com- 

pared to the net fluid pressure and can thus be neglected. However, Wrobel et al. (2017) showed that the singularity of 

the hydraulic shear stress is stronger than that of the fluid pressure, and therefore the former cannot be omitted when 
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