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where N > 2 and the coefficient matrix A satisfies a;, = ap; > 0. We study the
properties of the blow-up solutions which obtain the minimal L?-norm, and prove

that such solution is unique, up to the symmetries of the system.
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1. Introduction

In this paper, we consider the following N coupled nonlinear Schrédinger system in R2:

N

ihg; = —Ad; — Y ajlenl’e;,  (t,2) ER xR,
k=1

(bj(oax):(lst(z)a ¢j0:R24)(Caj:1727"'7N7

where N > 2 and the coefficient matrix A satisfies aj, = ax; > 0.

(1.1)

System (1.1) has received a lot of attention from mathematicians recently. It arises from many physical
problems in which there are more than one component, such as in nonlinear optics and the Hartree—Fock
theory for Bose-Einstein condensates. See Refs. [6,7,20,21] for the derivation and application of the system.
When N =1, (1.1) degenerates to the following cubic Schrodinger equation which has been wildly studied
during the last decades:

. 2
0 = —Ad — |9[70. (1.2)
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And a lot of work has been devoted to establish the global well-posedness and scattering and finite time
blow-up theory. See [3] for a systematic reference.

We are particularly interested in the problem in R?, since in this case system (1.1) is mass-critical in the
sense that the scaling

G (t, ) = A(A\2t, Ax) (1.3)

leaves the mass of the solution (L?-norm) invariant. Moreover, as the single equation (1.2), we can
see that (1.1) possesses several symmetries: translation invariance, scaling invariance, phase invariance,
Galilean invariance and pseudo-conformal invariance. Actually, if g(t,x) is a solution to (1.1), then for
Vtg,0,A > 0 € R, 0,3 € R?, we have that (5@ +to,x + xo),)\gg()\Qt, )\x),ewgz_b'(t,x),e(iﬁ'w"ﬁ‘%)q_b'(t,x — 20t)
and ﬁei% gg* (%, %) also satisfy (1.1) respectively, where 5* is the complex conjugate to 5

By applying the classic Strichartz’s estimates and Kato’s fixed point method [3], one can similarly establish
the local well-posedness theory for Eq. (1.1) in (H'(R?))N. Namely, (1.1) admits a unique local solution
o(t,z) in C([0,T); (H'(R2))N) with initial data ¢o(z) € (H'(R2))N (we only consider the positive time
direction for simplicity) and the following blow-up alternative holds:

either
T = +o0; (1.4)
or
N
0<T< +o0, and tgr%li Z IV@;(t, )| L2r2) = 400. (1.5)
=

In the second case, gz? is called a finite time blow-up solution of (1.1) and T is called the blow-up time.
Furthermore, the solution ¢ obeys the following conservation laws of mass and energy:

02 [ lestalde =50 = [ o (16)
and
. N . N
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N
%Z/ V5t )Pde — ¢ Z/ a6, (t,2) PJow (t,2) de

jkl

N
= ;;/1%2 |V¢]O(l‘)|2dqj — ij;l /Rz ajk|¢j0($)|2|¢k0($)|2dl‘. (18)

Notation: throughout the paper, we denote

2 = {i(z) : u; € HY(R?), u; # 0, V1 < j < N},
2 = {i(r) : uj € H'(R?),zu; € L*(R?), V1 < j < N},
(L*(R*)N = L*(R?) x - x L*(R?),

(H'(R*)Y = H'(R?) x - x H'(R?),
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