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Sokolovská 83, 186 75 Prague 8, Czech Republic

a r t i c l e i n f o

Article history:
Received 31 August 2016
Accepted 21 December 2016
Communicated by Enzo Mitidieri

MSC:
76N10
35Q30

Keywords:
Steady compressible
Navier–Stokes–Fourier system
Multicomponent diffusion flux
Entropy inequality

a b s t r a c t

We consider a system of partial differential equations which describes steady flow of
a compressible heat conducting chemically reacting gaseous mixture. We extend the
result from Giovangigli et al. (2015) in the sense that we introduce the variational
entropy solution for this model and prove existence of a weak solution for γ > 4

3
and existence of a variational entropy solution for any γ > 1. The proof is based on
improved density estimates.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Chemically reacting mixtures appear in many real-life situations, especially in chemical engineering [18],
combustion [20], description of some atmospheric phenomena [19] and many others. There are many models
of mixtures which can be derived from different general physical models depending on the phenomena which
we want to study. We may start from molecular theories like the kinetic theory, statistical mechanics and
thermodynamics or from the macroscopic theories like continuum physics and continuum thermodynamics.

Here, we rely on the latter. We continue the program started in [12] which was applied to a special
situation for the steady problem in [6].

More precisely, we investigate a system of partial differential equations describing steady flow of chemically
reactive, heat conducting, gaseous mixture. The system, which composes of the steady compressible
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Navier–Stokes–Fourier system coupled with the balance of mass fractions, reads

div (ϱu) = 0,
div (ϱu⊗ u)− div S +∇π = ϱf ,

div (ϱEu) + div (πu) + div Q− div (Su) = ϱf · u,
div (ϱYku) + div Fk = mkωk, k ∈ {1, . . . , n}.

(1)

In the above equations S denotes the viscous part of the stress tensor, π the internal pressure of the fluid,
f the external force, E the specific total energy, Q the heat flux, ωk the molar production rate of the kth
species, Fk the diffusion flux of the kth species and mk the molar mass of the kth species which we assume
to be equal, hence, without loss of generality

m1 = · · · = mn = 1. (2)

System (1) is supplemented by the no-slip boundary conditions for the velocity

u |∂Ω = 0, (3)

together with

Fk · n |∂Ω = 0, (4)

and the Robin boundary condition for the heat flux

−Q · n + L(ϑ− ϑ0) = 0 (5)

which means that the heat flux through the boundary is proportional to the difference of the temperature
inside Ω and the known external temperature ϑ0. The coefficient L describes thermal insulation of the
boundary and for simplicity we assume it to be constant. We further prescribe the total mass of the mixture

Ω

ϱdx = M > 0. (6)

The mass fractions Yk, k ∈ {1, . . . , n}, are defined by Yk = ϱk
ϱ . Thus, by definition, they satisfy

n
k=1

Yk = 1. (7)

Concerning the chemical production rates, we assume them to be sufficiently regular, bounded functions of
ϱ, ϑ and Yk such that

ωk ≥ 0 for Yk = 0.

We also assume

ωk ≥ −CY rk for some C, r > 0, (8)

which means that a species cannot decrease faster than proportionally to some positive power of its fraction
(a possible natural choice is r = 1). The stress tensor S is given by the Newton rheological law as

S = S(ϑ,∇u) = µ

∇u + (∇u)t − 2

3div uI


+ ν(div u)I, (9)

where µ = µ(ϑ) > 0, ν = ν(ϑ) ≥ 0, Lipschitz continuous functions in R+, are the shear and bulk viscosity
coefficients, respectively, on which we assume

µ(1 + ϑ) ≤ µ(ϑ) ≤ µ(1 + ϑ), 0 ≤ ν(ϑ) ≤ ν(1 + ϑ) (10)

for some positive constants µ, µ, ν, and I is the identity matrix.
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