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a b s t r a c t

It is well known that an integral of the Calculus of Variations satisfying anisotropic
growth conditions may have unbounded minimizers if the growth exponents are too
far apart. Under sharp assumptions on the exponents we prove the local boundedness
of minimizers of functionals with anisotropic p, q-growth, via the De Giorgi method.
As a by-product, regularity of minimizers of some non coercive functionals is
obtained by reduction to coercive ones.
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1. Introduction

An unusual point of view for the following integrals of the Calculus of Variations

F(u) =

B1(0)
|x|α|Du|r dx, G(u) =


B1(0)
|x|−α|Du|r dx, (1.1)

with r > 1 and α > 0, is to include them in the class of functionals satisfying some p, q-growth conditions.
In fact, for F(u) in (1.1) we have that for every exponent p ∈ [1, r),

|Du|p = (|x|α|Du|r)
p
r (|x|−α)

p
r ≤ p
r
|x|α|Du|r + r − p

r
|x|−

αp
r−p
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and |x|α|Du|r ≤ |Du|r for every x ∈ B1(0); so q = r. Hence F , not coercive in W 1,r
loc (B1(0)), is coercive

in W 1,p
loc (B1(0)). We claim that every local minimizer in W 1,p

loc (B1(0)) of the integral F is locally bounded
whenever 

0 < α < r − 1 if 1 < r ≤ n

n− 1
0 < α < r2

n+ r if n

n− 1 < r ≤ n.
(1.2)

This result is a particular case of our Theorem 2.5, that we now state not in its full generality.

Theorem 1.1. Let f(x, u, ξ) be a Carathéodory function convex with respect to (u, ξ) ∈ R×Rn and such that

|ξ|p − a(x) ≤ f(x, u, ξ) ≤ L {|ξ|q + |u|q + a(x)} ,

for a.e. x ∈ Ω , Ω open bounded set in Rn, u ∈ R, ξ ∈ Rn, for some L > 0 and a ∈ Lsloc(Ω). Then, if
1 ≤ p ≤ q ≤ p∗ and s > max{np , 1}, every local minimizer of F (u) =


Ω
f(x, u,Du) dx in the class W 1,p

loc (Ω)
is locally bounded in Ω .

Indeed, if 0 < α < r − p, the function a(x) := |x|−
pα
r−p is in Ls(B1(0)) for some s > n

p . Since we need
r ≤ p∗, if r > n

n−1 the largest upper bound on α is obtained for p = rn
n+r , so obtaining α < r2

n+r . When
r ≤ n

n−1 , the largest upper bound on α is obtained for p = 1.
Similarly, we can deal with the integral G in (1.1). In fact, for q > r we have

|x|−α|Du|r ≤ r
q
|Du|q + q − r

q
|x|−

αq
q−r ;

moreover, |x|−α|Du|r ≥ |Du|r, for a.e. x ∈ B1(0). Again, by Theorem 1.1, applied with p = r and q ∈ (r, rnn−r ]
(if r < n) or any q > r (if r = n), we obtain that every local minimizer of the integral G(u) in (1.1) is locally
bounded if

0 < α < r
2

n
if r ≤ n. (1.3)

The functionals F and G described above are particular cases of the more general integral

F(u) =

Ω

a (x) |Du|r dx (1.4)

with r > 1, a(x) ≥ 0 a.e. in Ω , a ∈ Lσloc(Ω) and 1
a ∈ L

τ
loc(Ω), with σ, τ > 1. In Theorem 6.1 we prove that,

under suitable conditions on σ, τ related to n and r, see (6.2), there exist p and q, with 1 ≤ p ≤ r ≤ q ≤ p∗,
such that the integrand f(x,Du) = a (x) |Du|r satisfies the assumptions of Theorem 1.1 and therefore every
local minimizer in W 1,p

loc (Ω) is locally bounded.
Non-uniformly elliptic equations and integrals of the Calculus of Variations of the type (1.4) with r = 2

have been studied by Trudinger [28] in 1971; in particular Section 3 in [28] is devoted to the study of the local
boundedness of weak solutions to the Euler’s equation of integrals of the type in (1.1). Higher integrability
has been considered in a similar context by [5]. See also [24,25,30,8,26], and recently [21].

In this paper we consider a more general framework. In Section 2 we state our main regularity results,
in particular the local boundedness of minimizers (and of quasi-minimizers too) of general integrals of the
Calculus of Variations of the type

F(u; Ω) :=

Ω

f(x, u,Du) dx.

More precisely, let f : Ω × R× Rn → R be a Carathéodory function, convex in (u, ξ) ∈ R× Rn for |ξ| large
enough and satisfying the following anisotropic growth condition

n
i=1

[g(|ξi|)]pi ≤ f(x, u, ξ) ≤ L {[g(|ξ|)]q + [g(|u|)]q + a(x)} , (1.5)
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