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a b s t r a c t

We define a homogeneous De Giorgi class of order p > 2 which suits two classes of
evolution equations of the type µ(x, t)ut +Au = 0 and (µ(x, t)u)t +Au = 0, where
µ can be positive, null and negative and A a suitable elliptic operator.

For functions belonging to this class we prove a local boundedness result.
© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper we consider equations whose model examples are the following

∂

∂t


µ(x, t)u


− div


|Du|p−2Du


= 0, µ(x, t)∂u

∂t
− div


|Du|p−2Du


= 0, (1)

where p > 2 and µ can be positive, null or negative. The aim of the paper is twofold: first we want to
give a definition of a De Giorgi class that contains, besides the solutions of (1), the solution of a wide class
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of quasi-linear mixed type equations, and then establish a result of local boundedness for the functions
belonging to such a class.

An analogous class was already considered in [14] where, in addition to a Harnack type inequality, a local
boundedness result was given, in the case of a function µ depending just on the x variable.

Here the interest lies in the fact that µ may depend on time and be discontinuous; for this last reason we
shortly discuss the definition of the De Giorgi class.

For these types of equations the fact that µ can change sign is a complication: for instance on one hand,
if µ changes its sign, it is not so useful to estimate a term like


u2(x, t)µ(x, t) dx which appears in a

natural way in the energy; on the other hand it is possible to evaluate

u2(x, t)µ+(x, t) dx only by means

of

u2(x, t)µ−(x, t) dx (µ+ and µ− denote the positive and the negative part of µ) and vice versa (see (53)

below for details).
For this reason we consider a subclass of the “natural” De Giorgi class, for which it is possible to estimate

the term

u2(x, t)|µ|(x, t) dx. This class is non-empty, at least when p = 2, by a regularity result contained

in [11,15] (see Sections 3 and 4 for the details).
We consider a class which includes solutions of equations more general than those in (1) (see (29) and

(30)): in particular we consider equations with some degenerate terms, also in the “elliptic part”, hence we
deal with weighted Sobolev spaces. We are in some sense forced to use these spaces since, also in the simplest
case shown in (1), if µ takes values in [−1, 1], it changes sign and it is continuous, the natural setting is a
weighted space. The only way to avoid weights would be to confine to µ : Ω × (0, T )→ {−1, 0, 1}.

Here we present the class we are talking about. First define

X :=

ζ ∈ Lip(Ω × (0, T ))

 ζ(·, t) ∈ Lipc(Ω) for every t ∈ (0, T ), ζ > 0


(2)

where Lip(E), E open subset of Rk, denotes the set of Lipschitz continuous functions and Lipc(E) denotes
the subset of Lip(E) of functions with compact support contained in E.

Assumptions (H.1)–(H.5) we mention in the following definition can be found in Section 4.

Definition 1.1 (De Giorgi Class). Consider T > 0,Ω an open subset of Rn, µ, λ ∈ L1
loc(Ω × (0, T )) satisfying

(H.1)–(H.5), γ1, γ2 positive constants, p > 2. A function u ∈ L1
loc(Ω × (0, T )) such that

K


u2|µ|+ |Du|pλ


dxdt < +∞,

(0, T ) ∋ t →

K

|u|2(x, t)|µ|(x, t) dx is continuous

and t →

K


|u|p(x, t)λ(x, t) + |Du|p(x, t)λ(x, t)


dx is continuous (3)

for every K ⊂ Ω × (0, T ) and K ⊂ Ω ,K and K compact, is said to belong to the De Giorgi class
DG+(Ω , T, µ, λ, γ1, γ2) of order p if for every function ζ ∈ X and every k > 0 u satisfies

Ω

(u− k)2
+(x, t2)ζp(x, t2)µ(x, t2)dx+ γ1

 t2
t1


Ω

|D(u− k)+|pζpλ dxdt

6

Ω

(u− k)2
+(x, t1)ζp(x, t1)µ(x, t1)dx+ γ2

 t2
t1


Ω


(u− k)p+|Dζ|pλ+ (u− k)2

+ζ
p−1ζt µ


dxdt

+
 t2
t1


Ω

(u− k)p+ζpλ dxdt+
 t2
t1


Ω

(u− k)2
+ζ
pλ dxdt

+ kp
 t2
t1


{u(t)>k}

ζpλ dxdt+ δ2(p) k2
 t2
t1


{u(t)>k}

|Dζ|2λ dxdt


(4)
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