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1. Introduction

Let 2 C R? be a bounded domain, from the well known Sobolev’s inequality

1,
HUHL%(Q) < SP”VU”LP(.Q) pE (1a2)7 u e WO p(‘Q)v (1)
one can deduce that the Sobolev space H{ () := W;*(£2) is embedded into LI(£2) V ¢ > 1. A much
more precise result was proved in 1967 by Trudinger [27]: on bounded subsets of H{(2) one has uniform

exponential-type integrability. Specifically, there exists 5 > 0 such that

sup / 7 da < +00. (2)
uGHé(Q),fn\VuPdacgl 2
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This inequality was later improved by Moser in [20], who proved that the sharp exponent in (2) is § = 4,
that is

sup / e da < 400, (3)
uEH(}(Q),fQ|Vu|2dz§1 Q

and
sup / P dr = 400 (4)
uwe HY(92), fgquszgl Q

for § > 4mw. An interesting question consists in studying the existence of extremal functions for (3). Indeed,
while there is no function realizing equality in (1), one can prove that the supremum in (3) is always attained.
This was proved in [4] by Carleson and Chang for the unit disk D C R?, and by Flucher [9] for arbitrary
bounded domains (see also [23,15]). The proof of these results is based on a concentration-compactness
alternative stated by P. L. Lions [16]: for a sequence u,, € Hj({2) such that |[Vuy | 12(o) = 1 one has, up to

2 2
/647ru"d33—>/ e471'u dI,
2 2

where u is the weak limit of u,,, or u, concentrates at a point = € £2, that is

subsequences, either

|Vul*de — 5, and wu, — 0. (5)

The key step in [4] consists in proving that if a sequence of radially symmetric functions u, € H}(D)
concentrates at 0, then

lim sup/ e*mndy < (1 +e). (6)
n—oo JD
Since for the unit disk the supremum in (3) is strictly greater than 7(1 + ), one can exclude concentration
for maximizing sequences by means of (6), and prove existence of extremal functions for (3). In [9] Flucher
observed that concentration at arbitrary points of a general domain {2 can always be reduced, through
properly defined rearrangements, to concentration of radially symmetric functions on the unit disk. In
particular he proved that if u,, € HJ () satisfies ||Vu,|2 = 1 and (5), then

lim sup/ edmun dy < meltiTAe(@) 4 |92, (7
e}

n—oo
where A (z) is the Robin function of §2, that is the trace of the regular part of the Green function of (2.
He also proved

A 1+4m max Ag
sup e dx > me g + (42|,
ueHg((z),fQ |Vu|2de<1 2

which implies the existence of extremals for (3) on (2. Similar results hold if {2 is replaced by a smooth
closed surface (X, g). Let us denote

H = {u cHY(X): / |Vul*dv, < 1, / u dvg = 0}.
b b
Fontana [10] proved that

sup/ 64”2dvg < 400, (8)
ueH J ¥
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