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where A > 0 is a bifurcation parameter, and L,a > 0 are two evolution parameters.
We prove that, on (X, ||ul| ., )-plane, for 0 < a < 36/17 ~ 2.118, the bifurcation curve

is D-shaped. While for a > 36/17, the bifurcation curve is D-shaped or reversed e-like
shaped. In particular, for a > a** &~ 4.107, the bifurcation curve is (i) D-shaped if
L > 0 small enough and (ii) reversed e-like shaped if L is large enough.
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Time map

1. Introduction

In this paper, we study the classification and evolution of bifurcation curves of positive solutions
u € C%*(—L,L) N C[-L, L] for the one-dimensional prescribed curvature problem

/

=Af(u), —-L<z<lL,
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where A > 0 is a bifurcation parameter, L > 0 is an evolution parameter and the nonlinearity

F(u) = exp (acfl) . a>0. (1.2)

This nonlinearity f(u) satisfies f(0) =1, f/(u) > 0 on [0, 00), lim, o f(u) = exp(a) > 0. In addition,

1. if a < 2, then f is concave on (0, 00);
2. if @ > 2, then f is conver—concave on (0, 00). More precisely, f is convex on (0,v) and concave on (v, c0)
where v = a(a — 2)/2 > 0 is the unique inflection point of f.

The one-dimensional prescribed curvature problem

!

1+ (u/(2))? (1.3)
u(—L) =u(L) =0,

and n-dimensional problem of it, with general nonlinearity f (u) or with many different types nonlinearities,
(;fu) 1, (1 +u)? (p>0), w? (p>0),a* (a>0), u—1u> (1—u)" (p>0)
and u? + u? (0 < p < ¢ < o0) have been recently investigated by many authors, see e.g. [1,3,4,7-11,14,17,
19,21-23,26,27,25,29,28 30,31,33]. Note that, in geometry, a solution u(x) of (1.3) is also called a graph of
prescribed curvature Af(u).

A solution u € C?*(—L,L) N C[-L,L] of (1.3) with /' € C([~L,L],[~00,00]) is called classical if
|u/(+L)| < oo, and it is called non-classical if v/ (—L) = oo or u/(L) = —oo, see [21,27]. In this paper,
we always allow that solutions u € C?(—L, L) N C[—L, L] satisfy v’ € C([~L, L], [~00,]). Notice that it
can be shown that (see [4,27]), for problem (1.3),

like exp(u), exp(u) — 1, exp

(i) Any non-trivial solution u € C?(—L, L) N C[~L, L] is concave and positive on (—L, L) if f(u) > 0 for
u > 0 since the equation in (1.3) can be written in the equivalent form

u'(z) = =M1+ 4?32 f(u) <0 on (—L,L).

(ii) A positive solution u € C?(—L, L) N C[—L, L] must be symmetric on [—L, L] if f : [0, 00) — [0,00) is a
continuous function satisfying f(u) > 0 for u > 0. Thus u/'(~L) = —u'(+L).

(iii) A classical solution u € C*(—L, L) N C[—L, L] with «' € C([-L, L],[~o0, 00]) belongs to C*[—L, L].

(iv) A non-classical solution u € C?(—L, L)NC[—L, L] with v’ € C([—L, L], [—00, 00]) satisfies |u'(£L)| = oo
by symmetry of positive solutions u of (1.3) if f is a continuous, positive function.

We define the bifurcation curve C, of (1.1), (1.2) by
Co = {(\, Jlualls) : A > 0 and uy is a positive solution of (1.1),(1.2)}.

We say that, on the (A, [Jul|)-plane, the bifurcation curve C, is D-shaped (see e.g. Fig. 3 depicted below)
if there exists A* > 0 such that C, has exactly one turning point at (\*, ||ux-||,,) where the bifurcation
curve C, turns to the left. In addition, we say that the bifurcation curve C, is reversed e-shaped (see e.g.
Fig. 9(ii-1)—(ii-11) depicted below) if C,, has turning points at some points (A1, [Jux, [/ ), (A2, [[ux, | ) and
(A3, |luxg |l o) satisfying

(i) A1 > Ao and A3 > Ag;

(11) ||u)\1Hoo < ||u>\2||oo < HUA3||00;
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