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1. Introduction

In this paper, we study the existence of positive solutions for the following nonlinear elliptic equation

Y9

—Z —ai(z,u, Vu) = f(z,u,Vu) in 2
= Omi

u=20 on 0f?

on a bounded domain 2 C RY with C? boundary 942.
Throughout the paper we assume that the lower order term f(x,u, Vu) fulfills the condition:

(P)

(F) f is a continuous function on 2 x [0,00) x R satisfying

f(2,0,6) =0

for every (z,&) € 2 x RY as well as
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(f1) there exist constants p > 1,71 > 1 and b; > 0 such that
[f(,t, O < b1 771 4 [P

for all (z,t,&) € 2 x [0,00) x RY;
(f2) there exist constants by > 0 and 1 < rg < p such that

fla, 6,9t < bo(1 4+ + [E]7)
for all (z,t,&) € 2 x [0,00) x RY.

For example, the following function f verifies (f1) and (f2):

€72
1+ s

with0<p1 <p+1,1<r3<p,0<pa<prs>1lrs>land0<ps<p-1
Setting

fla,t,©) =t (2 [g") + — T g

A((E,t,f) = [ai(x’tvg)]i = (a1($,t,€), s 7aN(x7t7£) ),

our Eq. (P) reads as

—div A(z,u, Vu) = f(x,u,Vu) in 02,
u=20 on 0f2.

We say that u € Wy**(£2) is a (weak) solution of (P) if it holds

/A(x,u,Vu)V(pdx:/ f(z,u, Vu)p dz
Q Q

for all € W, P(2) provided the integrals exist.
The generality of problem (P) is two-fold:

39

(i) the left-hand side of the equation is expressed in divergence form through a possibly non-homogeneous

operator depending on the solution u and its gradient Vu;

(ii) the nonlinearity in the right-hand side of the equation is a so-called convection term, which means

that it depends on the solution u and its gradient Vu.

Tt is for the first time when such a general problem is considered. Moreover, the growth allowed in (f1)

and (f2) improves the corresponding conditions in the preceding works. We briefly describe some related

results. The existence of positive solutions for problem (P) with

Az, u, Vu) = |VulP~2Vu,

ie., div A(z,u, Vu) stands for the p-Laplacian A,, and with some convection term f(x,u, Vu) is studied

in [4,13,17]. Specifically, in [4] the focus is on the case of f(z,u, Vu) with (p — 1)-sublinear growth in u and

Vu. In [13] it is assumed the growth

max{0, [u|™ — C|Vu|?} < f(z,u, Vu)| < C(1 + |[u]™ + |[Vu|™)

with

p < N.
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