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a b s t r a c t

In this paper we study the nonlinear parabolic equation ∂tu = ∆u+a|x|−γ |u|αu, t >
0, x ∈ RN \ {0}, N ≥ 1, a ∈ R, α > 0, 0 < γ < min(2, N) and with initial value
u(0) = ϕ.We establish local well-posedness in Lq(RN ) and in C0(RN ). In particular,
the value q = Nα/(2− γ) plays a critical role.

For α > (2 − γ)/N, we show the existence of global self-similar solutions with
initial values ϕ(x) = ω(x)|x|−(2−γ)/α, where ω ∈ L∞(RN ) is homogeneous of degree
0 and ∥ω∥∞ is sufficiently small. We then prove that if ϕ(x) ∼ ω(x)|x|−(2−γ)/α for
|x| large, then the solution is global and is asymptotic in the L∞-norm to a self-
similar solution of the nonlinear equation. While if ϕ(x) ∼ ω(x)|x|−σ for |x| large
with (2 − γ)/α < σ < N, then the solution is global but is asymptotic in the
L∞-norm to et∆(ω(x)|x|−σ).

The equation with more general potential, ∂tu = ∆u + V (x)|u|αu, V (x)|x|γ ∈
L∞(RN ), is also studied. In particular, for initial data ϕ(x) ∼ ω(x)|x|−(2−γ)/α, |x|
large, we show that the large time behavior is linear if V is compactly supported
near the origin, while it is nonlinear if V is compactly supported near infinity.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper we consider the singular nonlinear parabolic equation

∂tu = ∆u+ a| · |−γ |u|αu, (1.1)

u = u(t, x) ∈ R, t > 0, x ∈ RN \ {0}, N ≥ 1, a ∈ R, α > 0, γ > 0 and with initial value

u(0) = ϕ. (1.2)
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The case γ = 0 corresponds to the standard nonlinear heat equation. For γ < 0 it is known in the
literature as a Hénon parabolic equation, while if γ > 0 it is known as a Hardy parabolic equation. In this
paper we are concerned with the case γ > 0. We are interested in the well-posedness of (1.1) with initial
data ϕ ∈ Lq(RN ), 1 ≤ q < ∞, and in C0(RN ). We also study the existence of global solutions, including
self-similar solutions and prove the existence of asymptotically self-similar solutions.

In what follows, we denote ∥.∥Lq(RN ) by ∥.∥q, 1 ≤ q ≤ ∞. For all t > 0, et∆ denotes the heat semi-group


et∆f


(x) =


RN

G(t, x− y)f(y)dy, (1.3)

where

G(t, x) = (4πt)−N/2e−
|x|2

4t , t > 0, x ∈ RN , (1.4)

and f ∈ Lq(RN ), q ∈ [1,∞) or f ∈ C0(RN ). For f ∈ S ′(RN ), et∆f is defined by duality. A mild solution of
the problem (1.1)–(1.2) is a solution of the integral equation

u(t) = et∆ϕ+ a

 t

0
e(t−s)∆ | · |−γ |u(s)|αu(s)


ds, (1.5)

and it is in this form that we consider problem (1.1)–(1.2).
We first consider local well-posedness for the integral equation (1.5). To our knowledge, there is only one

previous result of this type, Wang [15], who works in the space CB(RN ) of continuous bounded functions.
For N ≥ 3, a > 0 and γ < 2, he proves local existence of solutions to (1.5) in C([0, T ];CB(RN )) for all
ϕ ∈ CB(RN ). See [15, Theorem 2.3, p. 563].

In this paper, we prove local well-posedness in C0(RN ), the space of continuous functions vanishing at
infinity, and in Lq(RN ) for certain values of q. We also require the condition γ < 2, and in fact 0 < γ < 2.
Throughout the paper we put, for α > 0, 0 < γ < 2,

qc = Nα

2− γ . (1.6)

The critical exponent qc plays a crucial role in this theory. We will say that q is subcritical, critical or
supercritical, according to whether 1 ≤ q < qc, q = qc or q > qc. We have obtained the following results.

Theorem 1.1 (Local Well-Posedness). Let N ≥ 1 be an integer, α > 0 and γ such that

0 < γ < min(2, N). (1.7)

Let qc be given by (1.6). Then we have the following.

(i) Eq. (1.5) is locally well-posed in C0(RN ). More precisely, given ϕ ∈ C0(RN ), then there exist T > 0 and
a unique solution u ∈ C


[0, T ];C0(RN )


of (1.5). Moreover, u can be extended to a maximal interval

[0, Tmax) such that either Tmax =∞ or Tmax <∞ and limt→Tmax ∥u(t)∥∞ =∞.
(ii) If q is such that

q >
N(α+ 1)
N − γ

, q > qc and q <∞,

then Eq. (1.5) is locally well-posed in Lq(RN ). More precisely, given ϕ ∈ Lq(RN ), then there exist T > 0
and a unique solution u ∈ C


[0, T ];Lq(RN )


of (1.5). Moreover, u can be extended to a maximal interval

[0, Tmax) such that either Tmax =∞ or Tmax <∞ and limt→Tmax ∥u(t)∥q =∞.
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