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This work focuses on the fast computation of the moment-independent importance measure §;. We first
analyse why §; is associated with a possible computational complexity problem. One of the reasons that
we thought of is the use of two-loop Monte Carlo simulation, because its rate of convergence is O(N~'/4),
and another one is the computation of the norm of the difference between a density and a conditional
density. We find that these problems are nonessential difficulties and try to give associated improvements.

A kernel estimate is introduced to avoid the use of two-loop Monte Carlo simulation, and a moment
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expansion of the associated norm which is not simply obtained by using the Edgeworth series is proposed
to avoid the density estimation. Then, a fast computational method is introduced for §;. In our method, all
8; can be obtained by using a single sample set. From the comparison of the numerical error analyses, we
believe that the proposed method is clearly helpful for improving computational efficiency.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

The main task of probabilistic importance analysis is to clarify
and quantify the relationship between the distribution of the out-
put Y and the distribution of an input X; for a given model Y = g
(X4, X3, ...,Xq), where Y is a random variable and X = (Xi, X3,
..., Xy) is a d-dimensional random vector. Apostolakis [ 1] empha-
sized that the treatment of uncertainties can play a critical role
in probabilistic risk assessment. And more and more works are
demonstrating that uncertainty and sensitivity analyses have be-
come an essential part of the modelling and risk assessment of
complex systems [2-5].

Saltelli [2], Saltelli et al. [6], Rabitz et al. [7], Rabitz and Alis [8],
Frey and Patil [9] and Sobol [10,11] have shown that the notion
of conditional variance plays a very important role in probabilistic
importance analysis. And the two most popular variance-based
sensitivity measures are the main effect

_ Var(E(Y1X))
T Var(Y)
and the total effect
E(Var(Y|X_;
ST, = (Var(Y|X_:))
Var(Y)
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where X_; indicates all input factors except X; [6,12]. Actually,
the main effect and total effect can be directly extended to the
skewness and kurtosis forms. That is, the skewness-based and
kurtosis-based main effects are defined by

_ Skew(E(Y|X;))

S

P skew(Y)
and

K _ Kurt(E(Y|X;))
! Kurt(Y)

while the associated total effects are defined by
_ E(Skew(Y|X_))

ST =
! Skew(Y)
and
STik _ E(I(urt(Y|X_,-)).
Kurt(Y)

In practice, the two most popular sensitivity measures are the
variance-based main effect and the variance-based total effect
[6,13]. However, the use of the variance as a measure of uncer-
tainty, as Borgonovo [2] mentioned, implicitly assumes that this
moment is sufficient for describing output variability. And a distri-
bution, as Saltelli [14] pointed out, is not uniquely determined by
its variance; then “the total uncertainty should be represented by
the entire output distribution and not by sole variance”. To over-
come this issue, he defined a new uncertainty importance measure
&; by using the notion of conditional density [14] (or conditional
distribution [15]).
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However, we find that there is a possible computational com-
plexity problem for index §;. Liu and Homma [16] introduced
a computational method by using conditional distribution. And
there are some other works on the computational methods for ob-
taining index §; [17-20]. But comparing against the efficiency of
variance-based indexes, most of the improvements that we have
seen are still not satisfactory. One of the advantages of variance-
based indexes is that the computing efficiency is far better than
that for §;.

Indeed, in some sense, the .£'-norm, which is used in the
moment-independent index, can be represented approximatively
by finitely many moments; and the difference for all the moments
between a density and a conditional density can also be repre-
sented by a norm. We think that, for the §; index, the so-called
computational complexity is nonessential.

This problem usually arises for two reasons. The first is associ-
ated with the use of two-loop Monte Carlo simulation (MC)[14,16];
the second is associated with the computation of the norm of
the density function [14] (or distribution function [15]). For the
first one, the recent work [21] reported an approach for com-
puting §; from a given sample without using a double loop. This
study provides reliable evidence supporting our viewpoint that
the use of two-loop MC is not due to the definition itself of §;.
For the second one, it seems that this is totally due to the defi-
nition itself of §;, because there is an .£'-norm used in its defi-
nition. But, as we noted above, the .£'-norm can be represented
approximatively by finitely many moments. So we try to give as-
sociated improvements in this paper, and we believe that the pro-
posed method is clearly helpful for improving the computational
efficiency, in view of the following analysis and comparison.

The remainder of this paper is organized as follows. Section 2
provides a mathematical analysis of both reasons noted above and
associated improvements. Section 3 introduces a fast computa-
tional method for obtaining index &;, which can give all §; by using
a single sample set. And we provide example analysis with a com-
parison of numerical error analyses in Section 4. Conclusions are
offered in Section 5.

2. The problem statement and its improvement

2.1. The definition of §;

LetY = g(Xq, X3, ..., Xy) be the mathematical model, where Y
is a random variable with density f, (if it exists), and X; (i = 1,
2,...,d) is a random variable with density f;. Let f,,, be the
conditional density of Y on X; (if it exists), and

°0x) = Ify — fyixlla (1)

where || - |1 is the norm of .£(—0o0, +00), which consists of all the
integrable functions on (—oo, +00). Then 0(¥;) is a function of the
random variable X;, and the expectation of 0(x;) is

+00
Ei(@(x;)) = / Ify — Sy 1 fi(x)dx;. (2)
Borgonovo’sindex §; (i = 1, 2, ..., d) [14] is defined as
1
&= E]Ei(b(xi))- (3)

2.2. The problem statement

We think that the possible computational complexity problem
for index §; is associated with the use of two-loop MC and the com-
putation of the norm of the density function (or distribution func-
tion).

For two-loop MG, it is clear that the order of convergence (or
rate of convergence) is O(N~'/4). By this we mean that its error
tends to 0 as fast as cN~'/4if N is large enough, where c is a nonzero
constant and N is the sample size. Roughly speaking, if p is an
estimate of p defined by

1Ten| 1
Py = — — ,  lim py = 4
SR > o T @
where py is the value for fixed s and [, then, from the central limit
theorem, we have

lim NY4(py — p) = ¢ < oo. (5)
N—oo

If there is a sample size N = ny such that [p,, — p| < €1, then
the error estimate decreases from €; to €; = €1/10 if and only if
the sample size increases from n; to n, = 10*n;. So the rate of
convergence is quite slow.

By the way, we say that the rate is slower than N~1/4 if

lim NY4(py — p) = 00
N—oo

and is faster than N~ V/4 if
lim N'4(py — p) = 0.
N—oo

For the computation of the norm, we think that ||f, — fyx 1
should be treated as a whole quantity but not an integral of the
difference between f, and fj|,.

If Ify — fyix;l1 is viewed as an integral of the difference of two
density functions f, and f,y,, then we must first get two approx-
imations of f, and f,x, before computing the integral of the dif-
ference. Indeed, as a well-known result, for an approximation of
density at a fixed point, the rate of convergence is always slower
than N—1/2 [22,23]; even if we can compute this integral by ap-
proximation of distribution, the rate of convergence could always
be faster than N~'/2 but still not satisfactory.

Hence, we should avoid the use of two-loop MC and the compu-
tation of an integral of the difference of two approximations. This
starting point is also in agreement with the findings in [21].

2.3. Improvement 1. A kernel estimate

Before we consider the computation of 2(x;) for every fixed x;,
we first discuss a kernel estimate off e W) — fyx=c¥)1dy for
any function e(y). In order to compute this integral which is defined
in the range of Y, we need to transform it to another defined in the
range of X. We shall show that the dimension of D C R is different
from the dimension of D; C R%~', where D and D; are the domains
of fy and fyx—:, respectively. And we shall extend fy|,,—; defined in
D; to another form defined in D by a kernel function, which can help
us to avoid the use of two-loop MC.

The conditional density f,x,—. is determined by the model g and

Fax=t =1, o0 Xim1, E Xig, oo Xa) (6)

defined on R, that is, forany S C R,

[ty = [ e @)
s St (5)
where ¥ = (X1, ..., X1, Xit1, - -, Xd), d¥ = dxq...dx;_1dx; 4
...dxg,and g 1 (S) = {¥ e R : g, () €5).

Similarly, density f, is determined by the model g and

f=f&x1, ..., %) (8)

defined on RY, that is, for any S C R,

/bm®=/ f(x)d (9)
s g 1(5)

where g7 1(S) = {x e RY : g(x) € S}.
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