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a b s t r a c t

The analysis of biomedical signals demonstrating complexity through recurrence plots is challenging.
Quantification of recurrences is often biased by sojourn points that hide dynamic transitions. To
overcome this problem, time series have previously been embedded at high dimensions. However, no
one has quantified the elimination of sojourn points and rate of detection, nor the enhancement of
transition detection has been investigated. This paper reports our on-going efforts to improve the
detection of dynamic transitions from logistic maps and fetal hearts by reducing sojourn points. Three
signal-based recurrence plots were developed, i.e. embedded with specific settings, derivative-based and
m-time pattern. Determinism, cross-determinism and percentage of reduced sojourn points were
computed to detect transitions. For logistic maps, an increase of 50% and 34.3% in sensitivity of detection
over alternatives was achieved by m-time pattern and embedded recurrence plots with specific settings,
respectively, and with a 100% specificity. For fetal heart rates, embedded recurrence plots with specific
settings provided the best performance, followed by derivative-based recurrence plot, then unembedded
recurrence plot using the determinism parameter. The relative errors between healthy and distressed
fetuses were 153%, 95% and 91%. More than 50% of sojourn points were eliminated, allowing better
detection of heart transitions triggered by gaseous exchange factors. This could be significant in
improving the diagnosis of fetal state.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Complexity analysis of biomedical time series by means of
various descriptors including, but not limited to, fractal dimension
[1], multi-fractal spectra [2], and entropies [3–5] is quantitative
and currently standard practice.

Large studies involving the analysis of biomedical systems and
signals have recently used recurrence plots (RPs) that featured and
located recurring states or patterns constituting the system's time
series or variables in 2-dimensions [6–12]. Quantitative indicators
named recurrence quantification analysis (RQA) have been computed
in order to extract certain scalar indicators from RPs [13–15].

One of the significant uses of RQA was in the detection of the
various dynamic transitions of logistic maps [13,12,16]. In addition,
the Determinism (DET) parameter was employed to quantify
chaotic-periodic and periodic-chaotic transitions [13,12]. Such
transitions were detected in two different ways. The first focused

on the computation of RQA promptly from a single unembedded
time series [16]. This method was appealing due to its simple
mathematical formulation. However, quantification was biased
and a poor transition detection rate was obtained due to the
presence of sojourn points [13–15,8].

The second method was based on embedding the time series
[6,7,13,17]. Although this method required heavy computation,
it reduced sojourn points empirically and promoted transition
detection [13,12]. However, no one has yet quantified the improve-
ment of the detection rate, nor identified whether it would be
possible to enhance the transition detection rate. This leads us to
the question regarding the best value of the embedding dimension
that would allow the detection of all dynamic transitions.

This paper describes our on-going efforts to extract and cleanly
quantify the dynamic information from nonlinear dynamic sys-
tems such as the logistic map and the fetal heart. The aim was to
improve the detection rate of transitions by eliminating sojourn
points present in recurrence plots. For the logistic map, the
transitions to be detected were periodic-chaotic and chaotic-
periodic transitions, while for the fetal heart the states to be
detected were healthy-distressed and distressed-healthy fetal
heart rates (FHRs). The solution adopted consisted of eliminating
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sojourn points present in recurrence plots. Several RPs were
employed to find an efficient solution to the above problems.
The first empirical method comprised two plots with different
embedding dimension values. As proposed in [16] the first plot
required no embedding and was the unembedded RP. The second
recurrence plot required an embedding dimension greater than 2,
as suggested by Marwan et al. [13,12]. As the choice of the
embedding dimension in the second method is often arbitrary,
we developed a new method that comprised finding the optimal
embedding dimension that minimized the number of sojourn
points. We also developed two additional signal-based methods
using the derivative concept and the m-time pattern concept, and
compared them with the above plots.

To quantify the levels of performance of the proposed
approaches, each technique was applied to the nonlinear logistic
map and to the FHR, and both the sensitivity and the specificity
were assessed in each case.

The remainder of this paper is organized as follows. In Section 2,
we introduce the methods including the already existing RPs and
the three signal-based recurrence plots developed. In Section 3, we
set out the numerical results. Finally, in Section 4 we discuss
the results, provide a general conclusion and suggest the future
prospects of this work.

2. Methods

2.1. Complexity analysis prerequisites

2.1.1. Recurrence plots
An RP is a two-dimensional squared matrix, with black and

white dots and two time-axes. Each black dot at the coordinates
(i,j) represents a recurrence of the system state Xi with another Xj,
it is expressed as follows for tolerance r:

RP¼Θðr� JXi�Xj J Þ; XiARd; ð1Þ
where XiARd stands for the points in the phase space at which the
system is situated at time i, Θð�Þ the Heaviside function, J � J the
L1 norm, i; j¼ f1;…;N�dþ1g, N the total number of points and d
the embedding dimension [7,13,12,18].

2.1.2. Determinism (DET)
After the computation of the qualitative RP, scalar quantitative

parameters could be calculated. Of all the existing RQA, DET
seemed to be the most sensitive scalar parameter to detect
transitions [13,12]. The determinism (DET) [8] is calculated as
follows:

DET ¼
∑N

l ¼ lmin
lPðlÞ

∑N
i;j ¼ 1RP

; ð2Þ

where P(l) is the number of diagonal lines of length l and lmin the
minimum length of a diagonal line [19–21,13,22,9], i.e. the number
of points forming a diagonal line of at least length lmin.

2.1.3. Sojourn points
The removal of sojourn points is illustrated with sojourn

points starting from a single time series. Fig. 1 is a diagram of
how sojourn points appear in two dimensions and the mode
of computing the RPs developed. Fig. 1 sets out (a) a sine wave
x(t) made up of 200 sample points, its time delayed version,
yðtÞ ¼ xðtþτÞ and their elliptical phase space (i.e. x(t) versus y(t)),
(b) a sine wave, x(t), its derivative, _xðtÞ and their circular phase
space (i.e. x(t) versus _xðtÞ) and (c) a sine wave constituted of pairs
of points. Note that the size of a single chosen slice is called
tolerance r.

Fig. 1(a) shows the points denoted as 1 (red circles) and 3 (black
cross) existing within the same slice of size r. In reality, only the
points denoted as 1 truly recur with each other and not with
points denoted as 3. According to the standard recurrence test
(of an unembedded time series), all 1's and 3's were recurrences.
This was very clear while comparing all the points existing on the
same amplitude level of x(t) to those of the delayed signal and
confined within the same tolerance r. By introducing a second
signal y(t) (a delayed or a derivative version of x(t)), it was then
possible to remove sojourn points by comparing points 2 and 4 of
y(t) to the corresponding points 1 and 3 of x(t). Point 4 of y(t)
which corresponded to 3 in x(t) did not exist at the same
amplitude level, whereas all the red circles were within r. Conse-
quently, point 3 was a sojourn point since it was not periodic1 with
1's. However, in the two signal-based RPs Fig. 1(a) and (b) this was
overcome. Tolerance r was fixed in Fig. 1 to ensure a fair com-
parison. This tolerance value r is usually 10% of the standard
deviation of x(t).

2.2. Existing methods

2.2.1. Unembedded recurrence plots
An unembedded recurrence plot is that produced from a single

time series, there is thus no need for sub-time series. Eq. (1)
becomes

RP1 ¼Θðr� Jxi�xj J Þ; ð3Þ
where xi stands for the time series points at time i. As reported by
Iwanski et al. [16], when d¼1, Eq. (1) is called an unembedded RP.
This plot is denoted throughout this work as RP1 (see Table 1).

2.2.2. Embedded recurrence plots
Originally developed by Eckmann [7], embedded plots have

been used to track recurrences of system states out of a recon-
structed phase space of d-embedding dimension. This was
fulfilled using the embedding theorem [17,6,13,23,24]. The recon-
structed RP was obtained by calculating a time delay τ and
embedding dimension d using the mutual information (M.I.)
[25] and the false nearest neighbour (F.N.N.) [18] methods, and
subsequently computing Eq. (1), given that Xj ¼ Xiþ τ and dZ2.
Analogous to previous investigations [17,13,12,26], d was fixed at
3, i.e. three sub-time series produced from x(t) were used to
reconstruct the RP. The corresponding RP was denoted as RP2

(see Table 1). Note that such a plot has been recommended
to eliminate sojourn points by using an embedding dimension
dZ2 [8,26].

2.3. Developed methods

2.3.1. Embedded recurrence plot with specific settings
We provide here our first signal-based RP that is responsible for

enhancing the detection of dynamic transitions. With this techni-
que, instead of looking for the best embedding dimension and
time delay that guarantee the independence of the sub-time
series, as already demonstrated by Trulla et al. [17] and later by
Marwan et al. [13,12], we looked for the best value of the
embedding dimension and time delay that ensured the minimum
presence of sojourn points in an RP. Both d¼doptimal and τ¼τoptimal

were obtained by minimizing the cost function ðJðdk; τkÞ ¼ CDETÞ
characterizing sojourn points.

In contrast to DET, where P(l) was the number of diagonal lines,
the Cross-Determinism (CDET) was defined by Eq. (2) for P(l),

1 In 1-Dimension, sojourn points are non-periodic points existing within
tolerance r.
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