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In the spirit of beauty contests, we study the effect of higher order expectations on sentiment asset pricing. The
sentiment asset pricingmodelwith higher order expectations shows that, in general the higher sentiment causes
the higher price, but, higher order expectations contribute to smoother price path and defend the impact of sen-
timent. Regarding the problemof taking higher order orfirst order, the investorswith secondorder can survive in
a specific area where sentiment is rather optimistic or pessimistic and investors with first order expectations are
the majority.
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1. Introduction

As early as Keynes (1936) introduced the influential metaphor of fi-
nancial markets as a beauty contest, it has been recognized that, when
facing uncertainty, investors needed to consider not just an understand-
ing of expectations about the fundamentals of asset, but also an under-
standing of action about othermarket participants' expectations, and an
understanding of higher order expectations. Most asset pricing litera-
tures have focused primarily on the former and ignored the effect of
mass psychology (see Brown and Jennings, 1989; Grossman, 1976;
Mendel and Shleifer, 2012). Higher order expectations mean that
investors form expectations of other investors' expectations of an asset's
payoffs. In the words of Keynes, investors are concerned, not with what
an investment is really worth to a man who buys it for keep, but with
what the market will value it.

Naturally, the higher order expectations should play an important
role in asset pricing model. Unfortunately, though a number of authors
adopt differentways tomodel howdiverse investors' assessments affect
the asset pricing, the role of higher order expectations has been
neglected for decades until recently.

Following the insight of beauty contest, lots of recent literatures
state the important role of higher order expectations in asset pricing.
Allen et al. (2006) study the role of higher order expectations in asset
pricing and demonstrate the failure of the law of iterated expectations,

the result does not support the average expectations, and so higher
order expectations differ from average expectations of the asset's pay-
offs. From then on, researches of higher order expectations begin to
rise. Banerjee et al. (2009) discuss how higher order expectations can
explain price drift in stock market and show it is necessary to generate
price drift for heterogeneous beliefs. Kondor (2012) points out that the
reason of forming higher order expectations is that early investors have
to guess the information of investors acting later and public information
polarized higher-order expectations without polarizing first order
expectations. One of the main conclusions of these literatures is that
expectations with higher order will generate a marked difference com-
paring to beliefs with the first order.

Moreover, the traditional asset pricing theory also suggests that in-
vestors behave rationally and won't make irrational error. Arguably,
this requires an unrealistic degree of sophistication on the part of mar-
ket participants. For example, it seems unlikely that investors are uncer-
tain about fundamentals and correctly estimate or filter their
information infected from some irrational factors in a strongly bullish
or bearish market. The study of irrationality of the investor had largely
been neglected for decades, but fortunately, it is now receiving signifi-
cant attention in the growing field of behavioral finance. Behavioral fi-
nance argues that the investment strategy may be impacted by
investor noise, investor psychology, and investor sentiment. De Long
et al. (1990) show us how irrational investors withmisperception affect
prices. Daniel et al. (1998) study how two kinds of well-known psycho-
logical biases (overconfidence and biased self-attribution) cause the
asymmetric shifts on asset revenue. However, these kinds of abstract
biases model cannot provide quantitatively empirical analysis. Instead,
we find that investor sentiment model can fill this gap. Moreover,
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after examining the role of higher order expectation in asset prices,
Bacchetta and Van Wincoop (2008) state that errors of market beliefs
can be caused by deviations from rationality, such as investor's overcon-
fidence and market psychology. So we turn to study some sentiment
asset pricing models that have been developed to emphasize the signif-
icant role of investor sentiment in asset pricingmodel, such as Yang and
Yan (2011), Yang and Li (2013), Yang and Zhang (2013a,b).

However, none of these sentimentmodels consider the higher order
expectations and study how higher order expectations affect the senti-
ment asset pricing. In this paper, wewill give a powerful demonstration
and show higher sentiment makes higher price, but, higher order
expectations contribute to smoother price path in the condition of
different sentiments.

Through the model with two kinds of investors with different order
expectations, we illustrate that investors with the second order can sur-
vive in a specific areawhere themarket sentiment is rather optimistic or
pessimistic and investorswithfirst order expectation are themajority in
the market.

The remainder of this paper proceeds as follows. In Section 2, we
present a traditional rational model with higher order expectations.
Section 3 deduces the sentiment model with higher order expectations.
Section 4 considers a sentiment model with two different order expec-
tations andwewill discuss the advantage of investorswith secondorder
expectations. Section 5 concludes the paper. Proofs and derivations are
in the appendices.

2. Rational model with higher order expectations

To develop the intuition of how higher order expectations affect the
role of sentiment in the sentimentmodel, we startwith a rationalmodel
with higher order expectations.

There is a continuum of investors, who trade a risky asset with liqui-
dation value θ against a safe asset with liquidation value of one, of unit
measures indexed by i. There are three periods—0, 1 and 2. In period
2, the risky asset will be liquidated, where the liquidation price is θ. As
a convention,we take P= θ. In period 0, all investors share the same ini-
tial public information: the liquidation value θ of risky asset is distribut-
ed normally with mean P0 and variance 1/α, where P0 is also the initial
price of the risky asset, and α describes the precision of the public
information.

Before entering into trading, each investor may also rationally ob-
serve a private signal about θ which satisfies: viR = θ + εi, where εi is a
normally distributed noise term with 0 and variance 1/β, and the
noise terms {εi} are i.i.d. across investor i. No other source of information
can be acquired by the investors, and, the private signal of each investor
is not observable by others. Based on private signal and public signal, in-
vestor i forms his expectation of θ. Similar withMorris and Shin (2002),
we defined that Ei(θ) stands that investor i estimates value on θ by de-
pending on the information set he has, E θð Þ ¼ ∫

1

0
Ei θð Þdi is the average

expectation of all the investors, and E2i θð Þ ¼ Ei E θð Þ� �
stands for expecta-

tion of investor i who cares about the average expectations and we call
Ei
2(θ) second order expectations, E

2
θð Þ stands for the average expecta-

tions of second order expectations, hence, Eik[θ] stands for the k order
beliefs of investor i, and E

k
i θ½ � is the average of k order expectations. All

the above calculations adopt the Bayesian information updating rule.
Suppose that all investors share the same exponential utility func-

tion u W2ið Þ ¼ −e−γW2i and defined only on the wealth in the period
2. The parameter γ is the absolute risk aversion, and we can consider
the reciprocal of it as the investors' risk tolerance.

Now all the investors live for maximizing the utility and thuswe can
obtain the demand equation. Facing a current price P1 for the risky asset
with the initialwealthW0, investor i chooses his demand xi tomaximize
the expectation of utility of wealth, which is

xi ¼ argmax Ei − exp −γ W2ið Þ½ �:½ ð1Þ

Maximizing this expression is equivalent to minimizing minus this
expression, which is in turn equivalent to minimizing the log of that.
Assuming for the moment that θ is normally distributed conditional
on the information set, investor i adopts the k order expectations
to evaluate θ, the detailed process of deduction will be seen in
Appendix A, the demand equation can be given as follows:

xi ¼
Eki θð Þ−P1

h i
γvarki θð Þ ; ð2Þ

where vari
k(θ) denotes the variance of Ek−1

i θð Þ conditional on informa-
tion set of investor i, which can be given below:

Eki θð Þ ¼ 1− βk

α þ βð Þk
 !

P0 þ
βk

α þ βð Þk v
R
i ;

varki θð Þ ¼ β
α þ β

� �2k−2
vari θð Þ½ � ¼ β2k−2

α þ βð Þ2k−1
:

Then the average demand of all investors is given by

X ¼
Eki θð Þ−P1

h i
γvarki θð Þ ;

where Eki θð Þ ¼ 1− βk

α þ βð Þk
 !

P0 þ
βk

α þ βð Þk θ:

Considering that the short term exogenous net supply of the asset is
fixed and equal to 0. Imposing market clearing, then we can get X ¼ 0,
and rearranging gives the price equation as follows:

P�
1 ¼ Ek θð Þ: ð3Þ

Observe that β
αþβ∈ 0;1ð Þ, therefore, the equilibrium price in a model

of higher order expectations will approach more slowly to the liquida-
tion value of the asset. In other words, the higher order beliefs amplify
the effect of the initial price on the equilibrium price. It implies that
this model can describe momentum or price drift, where the traditional
asset pricing theory suggests (see Allen et al., 2006; Banerjee et al.,
2009).

For tractability, we assume that P0=0,X ¼ 0in the rest of paper, and
then the result of equilibrium price in the equation only stands for the
relative path of P0. In other words, the positive or negative value of
equilibrium price illustrates the tendency of upward or downward.
Thus we can rewrite Eq. (3) as follows:

P�
1 ¼ βk

α þ βð Þk θ: ð4Þ

In period 1, the investors trade the asset at price P⁎1. It is consistent
with Kyle et al. (2013) and Grossman (1976). This points out that the
equilibrium price will reveal the average of all investors' information.

However, the disadvantage of this model is obvious. Eq. (4) shows
that the path of P1⁎ simply floats between the value of P0 and θ, but in
the realistic financial market, the price path is always just like a random
walk. So we should incorporate other factors to make our model more
persuasive and explanatory. In the next section we turn to the senti-
ment pricing model with higher order expectations.

3. Sentiment model with higher order expectations

A number of rational expectation models adopt the information
structure which the noise term of private information can be canceled
out after summing up (see Allen et al., 2006; Bacchetta and Van
Wincoop, 2008; Grossman, 1976). However, De Long et al. (1990)
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