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• We provide a practical test for strict exogeneity in linear panel data models with fixed effects when N is large and T is fixed.
• We establish the asymptotic theory of the test, propose a bootstrap procedure for the test and justify its validity.
• Simulations are conducted for our proposed test in comparison with Wooldridge’s Wald test.
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a b s t r a c t

This paper provides a practical test for strict exogeneity in linear panel data models with fixed effects
when the number of individuals N goes to infinity while the number of time periods T is fixed. The test is
based on the supremum of a sequence of Wald test statistics. Under suitable conditions, we establish the
asymptotic distribution of the test statistic and consistency of the test. A bootstrap procedure is proposed
to improve the finite sample performance and the validity of the procedure is justified. We investigate
the finite sample performance of the test via a small set of Monte Carlo simulations.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

With the availability of a wealth of sources of panel data,
researchers usually estimate a textbookpanel datamodel in Baltagi
(2013), Hsiao (2014) or Wooldridge (2010):

yit = x′

itβ + αi + uit , i = 1, 2, . . . ,N, t = 1, 2, . . . , T , (1.1)

where yit is the dependent variable for individual i at time period
t , xit is a k × 1 vector of explanatory variables, αi represents an
unobserved individual effect, and uit is the idiosyncratic error.
Depending on whether αi is correlated with xit or not, it is
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referred to as either fixed effects or random effects. Due to the
prevailingness of correlation between xit andαi in empiricalworks,
the fixed effects approach has received more attention than the
random effects approach.

For a fixed effect model, both the fixed effects (FE) estimator
and the first-difference (FD) estimator, which adopt within-group
and first-difference transformation to eliminate αi, respectively,
have been employed in empirical works. One standard assumption
to ensure the

√
N-consistency of these estimators in the large N

and fixed T framework is the strict exogeneity of xit . For some
recent empirical applications to panel data sets adopting the strict
exogeneity assumption, see Boumparis et al. (2015), Earnhart
(2004), and Papageorgiadis and Sharma (2016), among others.

However, strict exogeneity of xit may not hold in many applica-
tions due to the possible existence of feedback effects or economic
periodicity.Wooldridge (2010, p. 324) has showed that the FE esti-
mator is generally biased and inconsistent, and its probability limit
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is different from the FD estimator when xit is not strictly exoge-
nous. Due to the important role of this assumption, it is necessary
to develop a formal test to detect its violation. The only available
test in the literature of linear panel data models is constructed by
Wooldridge (2010), who introduces a simple test based on an aug-
mented regression,where a subset (wi,t+1) of the first order leading
term xi,t+1 is included in the level equation as additional regres-
sors. Under the null hypothesis of strict exogeneity, the coefficient
of wi,t+1 should be equal to zero. Then one can construct a Wald
test that is robust to arbitrary serial correlation and heteroskedas-
ticity of unknown form. Nevertheless, the test only includes a sub-
set of the first leading explanatory variables, which implies that
the test may have power only when xi,t+1 is correlated with uit .
Clearly, it may not detect a potentially more general structure of
intertemporal correlation between {uit} and {xit}. To fill the gap,
we propose a practical test for strict exogeneity of regressors in
this paper, which generalizes the test by Wooldridge to detect all
orders of intertemporal correlation between {uit} and {xit}. Because
the limiting distribution of our test statistic is nonstandard, wewill
propose a bootstrap method to obtain the p-values and justify its
asymptotic validity.

The rest of this paper is organized as follows. We formalize
the hypotheses in Section 2. We introduce the test statistic in
Section 3, and study its asymptotic properties in Section 4. We
evaluate the finite sample performance of our proposed test in
Section 5. Section 6 concludes. Proof of the theorems are relegated
to the Appendix A.

Notation. Let ιa be an a × 1 vector of ones, 0a×b be an a × b
matrix of zeros and Ia be an a × a identity matrix. We use ∥A∥ =

[tr

A′A


]
1/2 to denote the Euclidean norm of matrix A. Denote

1cit = cit − ci,t−1 and ċit = cit − c̄i, where c̄i = T−1 T
s=1 cis.

The symbols →p and →d denote convergence in probability and
in distribution, respectively.

2. The hypothesis

Let xi = (xi1, . . . , xiT ). The strict exogeneity used in the linear
panel data model with fixed effects can be stated as

E (uit |xi, αi) = 0; (2.1)

see (10.14) in Wooldridge (2010, p. 288). A direct implication of
this assumption is that the explanatory variables at a given time
period are uncorrelated with the idiosyncratic errors at any given
time period:

E (uitxis) = 0 for all t and s. (2.2)

Thenwe have E (1uit1xit) = 0 and E (u̇it ẋit) = 0 for all t , ensuring
the consistency of the FD and FE estimators for β , respectively.

Since the conditions in (2.2) are essential for consistency
and the fixed effects are wiped out through transformation, we
can consider a test for (2.1) based on the implication of (2.1).
Wooldridge (2010) proposes a simple test for strict exogeneity by
testing whether γ = 0 in the following augmented regression:

yit = x′

itβ + w′

i,t+1γ + αi + uit ,

wherewi,t+1 is a subset of xi,t+1. Clearly, under the null hypothesis
of strict exogeneity, γ = 0 and we can carry out the test using
FE estimation. However, since Wooldridge’s test only includes
a subset of xi,t+1, the test may not be able to detect general
intertemporal correlation between uit and xis when |t − s| ≥ 2. To
improve the power, we propose to check all possible intertemporal
correlations between uit and xis for |t − s| ≥ 1.

Following the idea of Wooldridge (2010), we consider a
sequence of augmented linear panel regressions

yit = x′

itβ + x′

i,t+sδs + αi + uit , s ∈ ST (2.3)

where ST ≡ {−T2, −T3 . . . , −1, 1, . . . , T3, T2},1 and Ta = T − a
for any positive integer a such that a ≤ T − 1. When s > 0, all
observations with t = 1, . . . , T − s are used in the estimation
of β and δs in (2.3); similarly, when s < 0, all observations with
t = 1− s, . . . , T are used in the estimation. Under the assumption
of strict exogeneity, δs = 0 for all s ∈ ST . Consequently, we can test
the strict exogeneity assumption by testing the null hypothesis

H0 : δs = 0 for all s ∈ ST

against the alternative

H1 : δs ≠ 0 for some s ∈ ST .

Under H0, δs = 0 implies that the idiosyncratic error uit does not
include any further information about xi,t+s, and thus there is no
need to include xi,t+s as regressors in model (1.1).

3. The test statistic

We construct our test statistic based on a sequence of
estimators δ̂s, s ∈ ST . Oneway to checkwhether all δs’s being equal
to zero simultaneously or not is to consider the following sup-Wald
test statistic

supWN = sup
s∈ST


N δ̂′

sV̂
−1
s δ̂s


where V̂s is a data-dependent normalizing matrix, often taken
as the estimator of the asymptotic variance of

√
N δ̂s, i.e., V̂s =

Avar(
√
N δ̂s). Under some assumptions to be specified in the

next section, we can establish the consistency and asymptotic
distribution for supWN .

To state how to obtain δ̂s and V̂s, we define ξ t+d
i,t =

(ξit , . . . , ξi,t+d)
′ for d > 0, where ξ = y, x, or u. Define a series

of T|s| × 1 vectors or T|s| × kmatrices as follows,

Y (s)
i =


yT−s
i,1 , s > 0

yTi,1−s, s < 0
X (s)
i =


xT−s
i,1 , s > 0
xTi,1−s, s < 0

X (s)
a,i =


xTi,1+s, s > 0
xT+s
i,1 , s < 0

and u(s)
i =


uT−s
i,1 , s > 0

uT
i,1−s, s < 0.

Then the model in (2.3) can be rewritten as

Y (s)
i = X (s)

i β + X (s)
a,i δs + αiιT|s| + u(s)

i , s ∈ ST (3.1)

or in a vector form
Y (s)
1

Y (s)
2

...

Y (s)
N

 =


X (s)
1

X (s)
2

...

X (s)
N

 β +


X (s)
a,1

X (s)
a,2

...

X (s)
a,N

 δs

+


ιT|s| 0T|s|×1 · · · 0T|s|×1

0T|s|×1 ιT|s| · · · 0T|s|×1

...
...

. . .
...

0T|s|×1 0T|s|×1 · · · ιT|s|




α1

α2

...
αN



1 First, if we are certain about that E (uitxis) = 0 for s < t , then we can set ST =

{1, . . . , T3, T2}. This is relevant when we believe that uit affects xis in the future but
not in the past, i.e., xis is sequentially exogenous. When ST = {−T2, −T3, . . . ,−1},
we test the sequential exogeneity of xit given xit being weak exogenous. In general,
ST can be any subset of {−T2, . . . ,−1, 1, . . . , T2}. Second, as inWooldridge (2010),
we can also replace xi,t+s by a subset wi,t+s .
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