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1. Introduction

In a dynamic game, there is no reason to believe that con-
sumers, firms or countries have identical time preferences for util-
ity streams. In that case, if there is a social planner who aggregates
the preferences of all agents by simply adding their intertemporal
utility functions, or if the economic agents decide to communicate
and coordinate their strategies in order to optimize their collective
payoff, what should they maximize? Many papers have addressed
the issue of aggregating preferences (see Ekeland and Lazrak, 2010;
Ekeland et al., 2015; Karp, 2015, and references therein). Unfor-
tunately, in this framework, a problem of time-consistency arises.
What is optimal for the coalition or the society at time t will be
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no longer optimal at time s, for s > t. In the derivation of time-
consistent policies (de-Paz et al., 2013; Ekeland et al., 2013), as
in nonconstant discounting, solutions are computed by finding
subgame perfect equilibria in a noncooperative sequential game
where the players are the different t-coalitions. However, as we
show in this paper, these equilibria can be group inefficient:
payments to all the t-coalitions can be lower than the sum of pay-
ments if agents play a noncooperative game. Our result is a con-
sequence of the time-inconsistency of the joint preferences (in a
different context with non-constant discounting, Krusell et al.,
2002; Hiraguchi, 2014 found a related result).

We briefly review the time-consistent solution studied in de-
Paz et al. (2013). Let N be the number of players, and x € X C R"
the state variables. For each playeri € {1, ..., N},letc; € U; C R™
be her control (decision) variables, u;(x, c¢) her instantaneous util-
ity function (¢ = (cq,...,cy)), and p; > 0 her discount rate.
The time horizon t can be finite or infinite. In the latter case,
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integrals are assumed to converge. The intertemporal utility func-
tion for Player i at time t is

_],'(X, C1y...,CN, )
= / e PO Ux(S), €1(5), . .., cn(s)) ds,  with
t
x(s) = g(x(s), c1(8), ..., en(9)), x(t) = x;. (M

Functions u; and g are C'. In a cooperative setting, we aggregate
preferences as

N N T
=Y n=) f e 0u; (X(5), 1 (5), -
i=1 i=1 vt

Since the discount rates are different, the joint time preferences
are time inconsistent. In order to find time-consistent solutions,
the problem is solved as a noncooperative sequential game with
an continuum number of players (each player is the coalition at
time t, fort € [0, T]).

Following Ekeland and Lazrak (2010) (see also Karp, 2007), if
c*(s) = ¢ (x(s), s) is the equilibrium rule for (2) subject to (1), by
denoting x; = x, the value function is

en(s)) ds. (2)

N T
V= / e P 0u(x(s), P (x(5), 5)) ds.
i—= t

Next, fore > 0andc¢ = (¢, ..., Cn), G € U;, let
ifse[t, t+ €],

c
Ce(s) = {q&(x(s),s) ifs>t+e. (3)

If the t-coalition has the ability to precommit its behavior during
the period [t, t 4+ €], the valuation along the perturbed control path
Cc is given by

N t4e
Vet =3 { / e Oy (x(s), )ds
—1 t

+ / ' e P Dy (x(s), P (x(s), s))ds} )
t

+e

Definition 1. A decision rule c*(s) @ (x(s), s) is called a t-
cooperative equilibrium (t-CE) if, for any admissible c, given by (3),

V) =V (X0
lim

e—07t

=P(x,¢,¢,1) >0/

In de-Paz et al. (2013) it is proved that, if a decision rule ¢ =
¢(x, t) is such that the functions

Vitx, t) = / ‘ e "5 Ou(x(s), ¢(x(s), 5)) ds (4)
t

are of class C! and

i=1

d(x, t) _argmaxiZu(x c)—i—ZV Vitx, t) -g(x,c) (5)

thenc = ¢(x, t) isat-CE. If T = oo, the value functions V; become
time-independent.

1 Note that the maximum in ¢ of P(x, ¢, c, t) is achieved for the equilibrium rule

T =k t).

2. Group inefficiency

The t-cooperative equilibrium is the natural solution that
we obtain when we search for time-consistent solutions to the
problem of aggregating preferences of decision makers by simply
taking the sum of their intertemporal utilities. However, as we
show in this section with an example, there are cases in which this
solution is group inefficient.

We consider the following basic problem of exploitation of a
nonrenewable natural resource. If x(t) represents the resource’s

stock and c;(t) the extraction rate of Playeri (i = 1,...,N), the
state dynamics is
N
X)) ==Y cls), x()=x, (6)
i=1

and the intertemporal utility function of Player i is

Ji = / e PO In [(i(s)™] ds, i > O.
t

Note that we have introduced asymmetries both in the discount
functions (p; # p;, in general) and in the utility functions u;(¢;) =
Inc/ (if i # ).

We restrict our attention to the existence of linear equilibria.
First, in a noncooperative setting, linear (feedback) MPNE are given
by c/'(x) = pix, with value functions

N
7 2o 7)

Note that, if Player i's opponents use the strategy ¢}1(X) =
ajx, MPNE are found by solving the H]JB equation o;W;(x) =
maxc[pilnc — W’(x)(c, + Zj i a;x)]. From the maximization
problem, ¢; = W ( - The HJB equation becomes p;W;(x) = wu;
(In i — InW/(x) = 1) = (3 @)XW; (x). It can be easily checked

that, for o; = pj, function Wj(x) given by (7) verifies this equation.
For the calculation of t-CE, we have to solve (4)-(5). We

&lnx—i—&lnpi

Pi i

Wi(x) =

(Z}Vﬂ c])} Therefore, ¢f = p; (Zi:] A (x))
rive linear equilibria, we search for value functions of the form
Vix) = ojlnx + Bf, fori = 1,...,N.Then¢; = ¢j(x) =

wix/ (3, af). By substituting in (6) and solving we obtain

. In order to de-

Z, 1M (s —

x(s) = x;exp SVl
j=1MHi/Pj

ZJN=1 Hj
ZjN:1 i/ oj
(x(s)) ds with x; = x, then

00
of Inx+ ; = [/ e Pi—D) dsi| wilnx
t

N
2
j=1
—
> i/ o
Jj=1

t)]. Hence, In¢{ (x(s)) = Inx; —

(s — t). Since, from (4), Vi(x) = [ e 670, In¢f

e P (s — t) ds.

By solving and simplifying we finally obtain

Ki
> Hi/pi
j=1

x and

cf(x) =
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