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We suggest an improved GMM estimator for the autoregressive parameter of a spatial autoregressive error model by
taking into account that unobservable regression disturbances are different from observable regression residuals.
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1. Introduction and summary

Disturbances of regression models are typically not observable, so
inference on the disturbances must rely on the regression residuals. It is
well known that under general conditions, the residuals converge to the
disturbances when the sample size increases, see e.g. Rao and
Toutenburg (1995). However, the statistical properties of the dis-
turbances and the residuals are different in finite samples.

This paper considers a linear regression model where the dis-
turbances are generated by a spatial autoregressive model introduced
by Cliff and Ord (1973) and where the parameter of main interest is the
spatial autoregressive parameter.

Since the calculation of the maximum likelihood estimator can be
computationally expensive, Kelejian and Prucha (1999) suggest a
generalized method of moments (GMM) estimator, which uses three
theoretical moments of the disturbances and equates them to the
corresponding empirical moments of the residuals. This estimator has
been applied to industrial specialization by Tingvall (2004), to
microlevel data by Bell and Bockstael (2000) and to agricultural data
by Schlenker et al. (2006) and Anselin et al. (2004). It has also been
extended in several ways, for example to panel data by Druska and
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Horrace (2004) and to systems of simultaneous equations by Kelejian
and Prucha (2004).

We suggest a variation of this estimator that is motivated by the
following argument: If the empirical moments must rely on the
residuals, the theoretical moments should be calculated in terms of
the residuals, too. The computational costs are of the same order of
magnitude for both estimators. Although both estimators coincide as
sample size increases, our version is superior in finite samples, both in
terms of bias and mean squared error. As a consequence, significance
tests for the regression coefficients are less distorted because estimation
of the corresponding covariance matrix is more accurate.

An empirical example illustrates our results. For a data set of
Indonesian rice farms previously analyzed by Erwidodo (1990) and
Druska and Horrace (2004), statistically significant effects of some of the
covariates disappear if we implement the proposed modification.

In the following, we restrict ourselves to ordinary least squares
regression in order to keep notation as simple as possible. The main idea
however also applies to generalized least squares or nonlinear
regression.

2. The model and the main result
We consider a linear regression model
y=Xp+u (1)

where y is the (nx 1)-vector of observations on the dependent variable,
X s the nonstochastic (n x k)-matrix on the explanatory variables and 3
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is the (kx 1)-vector of unknown model parameters. We assume that u,
the (nx 1)-vector of disturbances, is generated by a spatial autoregres-
sive model,

u=pWu +¢, (2)

where W (nxn) is a weighting matrix of known constants, p is a scalar
parameter and ¢ is an (nx1)-vector of innovations. We impose the
following assumptions.

Assumption 1. (a) All diagonal elements of W are zero. (b) The row

sums of W are equal to one, Z;:1 w=1Vi=1,..,n.(c) |p|<1.

Assumption 2. The innovations e;,..., ¢, are independently and
identically distributed with zero mean and variance o2, where the
variance is bounded by some positive constant b, 0<g?<b<w,
Additionally, E(¢})<»Viel,..., n.

Assumption 3. The elements of X are nonstochastic and bounded in
absolute value by some 0<cy<e. Further, X has full column rank, and
the matrix Qx = Iimn%%x’x is finite and nonsingular.

Assumption 1 ensures that the matrix I — pW is nonsingular so that
we have u= (I—pW)~ ¢ and

Cov(u) = o> (I—pW) " (I—pw’)’l. 3)

Since u is not observable, estimation of p and ¢ must rely on i, the
vector of regression residuals. For the case of OLS-regression, i is given
by i=y — Xp=Mu,where M=1—X(X'X)" 'X’,andp= (X' X)" 'X'yis
the OLS-estimator of 3.

In this situation, Kelejian and Prucha (1999) suggest a GMM esti-
mator for p and o that uses three moments of ¢, namely

1, 2 1, 02 ’ 1, .
E(-¢c) = o*E(—g¢W We =—tr(ww),E —gW'e) = 0. (4)
n n n n

With the help of Eq. (2), the sample counterpart of Eq. (4) can be
written as

G(p.p%.0") =g =v(p.0),

where
Zi'wi ~Lawwa 1
n n
2A, ’ ~ 1A, ’ ’ ~ 1 ’
G= Ziwwwin  ——adwWwwwi Htr(w W)
],\/ ’ ~ 1,\/ ’ ~
~i {W+W]Wu —— W wwii 0
n n
and
g = (111 a,la'w’wa,la'wa)
n n n

The nonlinear least squares estimator of Kelejian and Prucha
(1999) for p and o is defined as

(i 0% ) = argmin {v(p,0°) v(p,0?) : p=[—a,a],0”<[0, b}, (5)
where a>1 and b<c,

Our version proceeds as follows: If the unobservable disturbances
u have to be replaced by the regression residuals i, why not calculate

the moment conditions (4) also in terms of &€ = Me=Mu— pMWu
instead of ¢? Therefore, we suggest an estimator that is based on the
moments of Me corresponding to Eq. (4):

2

E(% (Ms)’Ms) = %tr(M) 6)
E<%(WMS)'WMS> = %Ztr(MW'W>, (7)
E<%(WMS)'M8> = %ztr(WM), (8)

where we use the fact that M is an orthogonal projector. If we multiply
Eq. (2) by M and WM, respectively, we get

Me = Mu—pMWau, 9)
WMe = WMu—pWMWau. (10)

Plugging Egs. (9) and (10) into the moment conditions (6)-(8) yields

2

1w Mu)— 2P B M) + P

- R P Eww’ Mwu)
n n n
o? 1 , 2p ,
= —tr(M),—E(u’MW WMu)——E(u’W WMWMu)
n n n

+ p—215(u’W’MW’W1v1Wu) = 0—2rr(MW’W) 1E(u'lvlw’z\/lu)
n n n

2 2
78E<u’M[W + W Mwu) + p—E(u’W'MWMWu) =2 tr(wm).

n n n
Finally, for every (nxn)-matrix A, the theoretical moments E (u’

Au) are replaced by their sample counterparts i’ Ail. Since Mu =il and

tr(M) = ? the sample counterpart to Eqgs. (6)-(8) can be written as

H(p,pz,oz)’fh = w(p,GZ),

where
o A, —k
2dwi “Lawmwa n—x
n n n
2,\/ ’ A~ ] 7 ’ ’ ~ 1 ’
H= SAWWMWE  —— i W MW WMW i —tr(MW W)
1,\’ ’ ~ 1,J ’ ~ 1
~a [W + W }MWu —— 0 WMWMWE  —tr(WM)

and h=g. Our nonlinear least squares estimator for p and o? is
defined as

(ﬁRB,6§B> = argmin {w(p,oz),w<p, 02> :pE[—a,a],026[07b]}7
(11)

where a>1 and b<,
The following theorem states the asymptotic equivalence of

<ﬁ KP> 6&1)) and (ﬁ RB> 6?3) .

Theorem 1. Under Assumptions 1-3, for n— o
A A N a P
<pRBv 01%3) - (Pm 0](2[)) — 0.

Proof. Because of Assumption 3, for large n the elements of X (X’ X) ™!
2 D

X' are bounded by the corresponding elements of k%QX‘ 1220 so

that M = [-X(X'X) "X’ ">31 and thus H-2G as n— . Since
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