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© 2008 Elsevier B.V. All rights reserved.

1. Introduction

Optimism and pessimism play a crucial role in decision-making under
risk, but expected utility theory allows no role for optimism or pessimism.
Rank dependent expected utility theory (RDEU), introduced by Quiggin
(1981,1982), is one of the most widely used alternatives to expected utility
theory, and allows for direct representation of these risk attitudes. This
note uses comparative static analysis, based on a stochastic dominance
representation of optimism and pessimism, to describe the implications of
optimism and pessimism for economic decisions and equilibria under risk.

Because RDEU maintains a separation between probability weights
and utility over outcomes, as in expected utility, it is possible to interpret
optimism and pessimism as properties of beliefs, with the utility function
capturing preferences over outcomes. Accordingly, we will refer to
optimistic and pessimistic beliefs. However, the analysis to follow is
unaffected if probabilities and probability weights are treated as a
component of preferences.

In this note, the optimism of beliefs is ranked by monotone like-
lihood ratio dominance between corresponding decision weights. It is

* Osaki and Quiggin are grateful to an anonymous referee, and Osaki is also grateful
to Hideki Iwaki, Keigo Matsumura, and Lyn C. Thomas for their advices and comments.
The earlier version of this note was written when Osaki visited at School of Economics,
University of Queensland. Osaki thanks for its hospitality. Financial support from Daiwa
Securities Group Inc., and JSPS Fellowships for Young Scientists is gratefully acknowl-
edged. The usual disclaimer applies.

* Corresponding author. Daiwa Securities Group Chair, Graduate School of Econom-
ics, Kyoto University, Yoshida Hon-machi, Kyoto, 606-8501, Japan. Tel.: +8175 753 3411;
fax: +81 75 753 3511.

E-mail address: osaki@econ.kyoto-u.ac.jp (Y. Osaki).

0165-1765/$ - see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.econlet.2008.09.005

known that this is useful to obtain clear comparative static predictions
in expected utility theory. As in Quiggin (1991), rank dependent
expected utility can be regarded as “expected utility with respect to
a transformed probability distribution”. This observation suggests
that we can also obtain them in RDEU. Also, monotone likelihood ratio
dominance is defined as log-supermodularity between compared
probability density functions. As Athey (2002) demonstrated, it plays
an important role in comparative static analysis under risk. These
results suggest that it will be useful to consider the effect of optimistic
belief on economic decisions and equilibria under risk. We confirm
this expectation applying a risk-neutral characterization, which is a
natural extension of the analysis in expected utility such as Ohnishi
and Osaki (2006a) and Osaki (2005).!

Our main concern is how shifts in probability weighting functions
representing more optimistic belief in rank dependent expected utility
theory influence economic decisions and equilibria under risk.> By
contrast, most previous studies in this area have focused on whether
comparative static results in expected utility theory are preserved under
generalized expected utility theory. Quiggin (1991, 1995) determined
conditions and restrictions for the preservation of comparative static
results. Schlee (1994) claimed that monotone likelihood ratio dom-
inance may not have clear comparative static predictions under

! Ohnishi and Osaki (2006b) and Quiggin and Chambers (2007) demonstrated
comparative static analysis in non-expected utility theory applying the property of
(log-)supermodularity.

2 It is clear that we can demonstrate the effect of more pessimistic belief on
economic decisions and equilibria by the definition of optimism and pessimism in this
note. Thus we basically mention the case of optimistic belief in the following.
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generalized expected utility theory. Work closer to our approach is that
of Bleichrodt and Eeckhoudt (2005), who demonstrated that optimistic
belief in rank dependent expected utility theory influence precautionary
saving and exhibited the effect of higher-order derivatives of utility
functions on it. Introducing our representation of optimistic belief, we
can predict the effect of optimistic belief on many economic problems
under risk by comparative static predictions.

The organization of our note is as follows. Section 2 briefly gives
some preliminaries and provides a stochastic dominance representa-
tion of optimistic belief. In Section 3, we introduce a risk-neutral
characterization and obtain two comparative static predictions
applying this property. Section 4 is a concluding comment.

2. Theory

First, we give a representation of rank dependent expected utility
(RDEU), a preference relation defined over discrete random variables.
A discrete random variable is an outcome vector X=(x1, X2,... Xs) with a
corresponding probability vector p=(p1, pa...., Ps)- Every probability is
strictly positive, ps>0, and sum to one, ¥'5_p,=1. Without loss of any
generality, we assume that the outcomes are ranked in ascending
order, x; <X»<...<Xs. A Decision Maker (DM) has RDEU representation
if the discrete random variable (py, X1; P2, X2;...; Ds, Xs) is evaluated by

S
V(p1,X1;D2,X2; ...} Ps, Xs) 1= Z] diu(xs), (1)
S=

where d=(d], d3,..., d?) is a decision weight vector with respect to a
probability weighting function (PWF) q, and u is a utility function. The
decision weight d{ is

d! =q(p1+p2+ ... +Ps)=q(p1+Dp2+ ... +Ps-1), (2)

and di=q(p,). For notational ease, the cumulative probability is
denoted as the capital letter, P,=Y%.1ps. The probability weighting
function q is increasing in P with q(0)=0 and q(1)=1. Expected utility
(EU) representation corresponds to the linear PWF q(P)=P. The utility
function is increasing in x. We note that concavity of the utility
function is not necessary for our analysis.

We define a “more optimistic” belief as follows:

Definition 2.1. A probability weighting function q is more optimistic
than r if there exists an increasing and convex function ¢ such that
q=¢Or.

We give a couple of explanations on more optimistic belief. First,
more optimistic beliefs underweight the cumulative probability of
worse outcomes, q(P)<r(P) for all P. Second, more pessimistic belief can
represent increasing and concave transformations. Thus our analysis can
be also applied to the case of more pessimistic belief relations. Finally, as
shown by Chew et al. (1987), concave PWFs which is more pessimis-
tic than original distributions, characterize the strong risk aversion,
aversion to mean-preserving increase in risk (Rothschild and Stiglitz,
1970). In a recent paper, Ryan (2006) obtained it under weaker
conditions and also displayed a nice summary of risk aversion in RDEU.

As will be shown later, more optimistic belief can be characterized
by the following stochastic dominance:

Definition 2.2. Let us consider two probability vectors p'=(p}, p3..., pt)
and p?=(p?, p3...., p?). The probability vector p?> dominates p' in the
sense of monotone likelihood ratio dominance, if

i _p!
—>— 3
p: pi ©

for all s<t.

Monotone likelihood ratio dominance (MLRD) is a stronger
stochastic dominance than First-order Stochastic Dominance (FSD)
(Shaked and Shanthikumar (1994), Miiller and Stoyan (2002)).

Theorem 2.1. A probability weighting function q is more optimistic than
1, if and only if the corresponding decision weight d9 with respect to the
probability weighting function q dominates d" in the sense of monotone
likelihood ratio dominance.

Proof. We define Rs: =1(P;). By noting that Ry<R, for all s<t because of
r increasing in P, convexity of ¢ is equivalent to

PR)=¢(Ri1) | ¢(Rs)=d(Rs1)

ReRe ReRoo @)
Since g=¢Or, we have
4(P)~4(Per) (P T(Pr) 6
q(Ps) q(Ps—l) r(Ps) r(Ps—l)

This can be rewritten df/d?>d}/ds by the definition of the decision
weight. O

Quiggin (1995) pointed out that the probability weighting func-
tion derived from a convex transformation dominates the original
distribution function in the sense of MLRD. This result is included as a
corollary of the theorem. The theorem suggests the comparative static
results of MLRD changes in EU applicable to those of the shift to a more
optimistic belief in RDEU. This means that any of the comparative static
results of Athey (2002) and others for MLRD changes in EU have an
interpretation in RDEU. Actually, we demonstrate two comparative
static applications using a risk-neutral characterization in the follow-
ing section.

3. Applications

In this section, we give a risk-neutral characterization of optimistic
belief, and then demonstrate two comparative static predictions
applying this property. First, we show that more optimistic repre-
sentative investors lead to increases in equilibrium asset prices.
Second, we display that more optimistic decision makers behave in a
more risk-tolerant manner under comonotonic background risk when
utility functions exhibit decreasing absolute risk aversion.

3.1. A risk-neutral characterization

We define the risk-neutral decision weight with respect to q as
follows:

~q ddu’ (xs)
d i= . (6)
s S dduw(xo)

It is clear that the risk-neutral decision weight is also the
probability of outcome xs, since it is strictly positive, d{>0 and sum
to one, Ys_,d%=1. By the definition, we can easily obtain the following
equivalence:

d? dr d dw(x) _du'(x) d"
o S PN S >t —_t.
A7 d T g0 A (x) " dus) @

7)

We give a formal statement of the above:

Property 3.1. A probability weighting function q is more optimistic than
1, if and only if the corresponding risk-neutral decision weight vector d*
with respect to the probability weighting function q dominates d” in the
sense of monotone likelihood ratio dominance.

This property suggests that the MLRD order between probability
distributions is preserved for the corresponding risk-neutral decision
weights. Risk-neutral valuation is a central idea of modern finance.
Many valuation formulas appeared in economics and finance, can be
given by the risk-neutral representation. Thus, the property is use-
ful for investigating the effect of optimistic beliefs. The stochastic
dominance representation of optimistic belief indicates that any
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