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Abstract

This paper introduces a solution method for numerical dynamic stochastic optimization problems that avoids

rootfinding operations. The idea is applicable to many microeconomic and macroeconomic problems, including

life cycle, buffer-stock, and stochastic growth problems. Software is provided.
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1. The Problem

Consider a consumer whose goal is to maximize discounted utility from consumption

max
XT
s¼t

bs�tu Csð Þ ð1Þ

for a CRRA utility function u(C)=C1�q/(1�q).1
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1 Putting leisure in the utility function is straightforward but would distract from the paper’s point.
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The consumer’s problem will be specialized below to two cases: a standard micro-economic problem

with uninsurable idiosyncratic shocks to labor income, and a standard representative agent problem with

shocks to aggregate productivity (the dmicroT and the dmacroT models).2

The consumer’s initial condition is defined by two state variables: Mt is dmarket resourcesT (macro

interpretation: capital plus current output) or dcash-on-handT (micro interpretation: net worth plus current

income), while Pt is permanent labor productivity in both interpretations.

The transition process for Mt is broken up, for convenience of analysis, into three steps. Assets at the

end of the period are market resources minus consumption, equal to

At ¼ Mt � Ct; ð2Þ
and capital at the beginning of the next period is what remains after a depreciation factor 1 is applied,

Ktþ1 ¼ At1; ð3Þ
where 1=(1�d)in the usual macro notation and 1=1 in the micro interpretation.

The final step can be thought of as the transition from the beginning of period t+1, when capital Kt + 1

but has not yet been used to produce output, and the middle of that period, when output has been

produced and incorporated into resources:

Mtþ1 ¼ etþ1Htþ1Ptþ1
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{uLtþ1

Wtþ1 þ Ktþ1Rtþ1 ð4Þ
where Wtþ 1 is the wage rate; Ht + 1 is an iid transitory shock (e.g., unemployment) normalized to satisfy

Et[Ht + n]=18nN0 (usually Ht =18t in the macro interpretation); and et indicates labor effort (or labor

supply), which for purposes of this paper is fixed at et=1, but in general could be allowed to vary. The

disarticulation of the flow of income into labor and capital components is useful in thinking separately

about the effects of productivity growth (captured by HP) and capital accumulation (K).

Permanent labor productivity (in either interpretation) evolves according to

Ptþ1 ¼ Gtþ1PtWtþ1 ð5Þ
for a permanent shock that satisfies Et[Wt + n]=18nN0 and Gt is exogenous and perfectly predictable

(see below for varying interpretations of G).

Defining lower case variables as the upper-case variable scaled by the level of permanent labor

productivity, e.g. at=At /Pt ,we have

at ¼ mt � ct ð6Þ
while with a bit of algebra the state transition becomes

mtþ1 ¼ etHtþ1|fflfflffl{zfflfflffl}
ultþ1

Wtþ1 þ at1=Gtþ1Wtþ1ð Þ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
¼ktþ1

Rtþ1: ð7Þ

The interest and wage factors are assumed not to depend on anything other than capital and

productive labor input; together with the iid assumption about the structure of the shocks, this implies

that the problem has a Bellman equation representation (henceforth boldface indicates functions)

Vt Mt; Ptð Þ ¼ max
Ct

u Ctð Þ þ bEt Vtþ1 Mtþ1; Ptþ1ð Þ½ �f g ð8Þ

subject to the transition equations.

2 Different aspects of the setup of the problem will strike micro and macroeconomists as peculiar; with patience, it should

become clear how the problem as specified can be transformed into more familiar forms.
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