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a b s t r a c t

In this paper, we examine the properties of subjective probabilities
induced by optimal expectations. We show that investors who fol-
low optimal expectations underweigh small probabilities and
overweigh large probabilities in a simple binary economy. This
indicates that the subjective probabilities induced by optimal
expectations are incompatible with experimentally observed
results under the rank dependent probability assumption.

� 2009 Elsevier Inc. All rights reserved.

1. Introduction

Experimental observations have revealed that people cannot assess the objective probabilities of
future outcomes and that we use subjective probabilities for the evaluation of future events. Rank
dependent probability models developed by Quiggin (1982) and Tversky and Kahneman (1992) are
among the most widely used models for representing subjective probabilities. They describe subjec-
tive probabilities using probability weightings that distort objective probabilities. There are many
experimental studies, such as those of Gonzalez and Wu (1999), Prelec (1998),1 and others, that ex-
plore subjective probabilities under rank dependent probability models. These studies indicate that

1544-6123/$ - see front matter � 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.frl.2009.12.004

* Corresponding author.
E-mail addresses: iwaki@gsm.kyoto-u.ac.jp (H. Iwaki), osaki@eco.osaka-sandai.ac.jp (Y. Osaki).

1 Prelec (1998) provides the axioms for inverse S-probability weightings.

Finance Research Letters 7 (2010) 98–102

Contents lists available at ScienceDirect

Finance Research Letters

journal homepage: www.elsevier .com/locate/fr l

http://dx.doi.org/10.1016/j.frl.2009.12.004
mailto:iwaki@gsm.kyoto-u.ac.jp
mailto:osaki@eco.osaka-sandai.ac.jp
http://www.sciencedirect.com/science/journal/15446123
http://www.elsevier.com/locate/frl


we have subjective probabilities determined by inverse S-shaped probability weightings. In other words,
we overweigh small probabilities and underweigh large probabilities.

Because rank dependent probability models assume that we have subjective probabilities that are
exogenously determined, they cannot explain why we use distorted subjective probabilities in our
decisions under risk. This naturally leads us to ask why we overweigh small probabilities and under-
weigh large probabilities. In a recent study, Brunnermeier and Parker (2005) proposed the concept of
optimal expectations, in which subjective probabilities are chosen to maximize lifetime well-being. It
is interesting to examine whether subjective probabilities induced optimal expectations are compat-
ible with those determined by inverse S-shaped probability weightings in rank dependent probability
models. In this paper, we examine some properties of subjective probabilities induced by optimal
expectations in a simple binary state economy. It turns out that, contrary to inverse S-shaped proba-
bility weightings, decision makers who follow optimal expectations underweigh small probabilities
and overweigh large probabilities.2

The paper is organized as follows. Section 2 formally describes our model. In Section 3, we present
some properties that subjective probabilities possess under optimal expectations. All proofs relevant
to these properties are in Appendix A. The final section contains some concluding remarks.

2. The model

Our model is a simplified version of the optimal expectation advocated by Brunnermeier and
Parker (2005) and Gollier (2005). We consider a static Lucas economy, i.e., a pure exchange econ-
omy, where an investor with optimal expectations decides her or his optimal portfolio at the ini-
tial time t ¼ 0 and consumes its realized value at the terminal time t ¼ 1. The investor has an
unbounded (von Neumann–Morgenstern) utility function u, which is strictly increasing and
strictly concave in the terminal consumption. We also assume that the utility function is suffi-
ciently smooth. This assumption guarantees that a subjective probability is continuous with re-
spect to an objective probability, and enables our analysis to avoid unnecessary technical
difficulties. Two assets are traded in the economy, a risk-free asset and a risky asset. The risk-free
asset is the numeraire in the economy and its net return is normalized to zero without loss of
any generality. The risky asset has a return x ¼ ðxu; xdÞ, with xd < 0 < xu. Uncertainty is described
by binary states fu; dg with the net return x ¼ ðxu; xdÞ and with an objective probability
q ¼ ðq;1� qÞ.

The optimal portfolio of an investor with optimal expectations is given as a solution of a two-stage
optimal problem. The first stage is the usual optimal portfolio problem, that is, the investor solves her
or his optimal portfolio problem under a given subjective probability. In the second stage, the investor
decides on her or his subjective probability that maximizes lifetime well-being, consisting of a convex
combination of an objective expected utility and a subjective expected utility.

In the first stage, the investor chooses an optimal allocation between the risk-free asset and the ris-
ky asset under a given subjective probability p ¼ ðp; 1� pÞ. Let aðpÞ denote the optimal portfolio un-
der the subjective probability p ¼ ðp; 1� pÞ. The investor decides the share of the risky asset, aðpÞ so
as to maximize the subjective expected utility defined by:

SðpÞ ¼ Ep½uðw0 þ aðpÞ~xÞ� ¼ puðw0 þ aðpÞxuÞ þ ð1� pÞuðw0 þ aðpÞxdÞ:

Let OðpÞ be the objective expected utility defined by:

OðpÞ ¼ Eq½uðw0 þ aðpÞ~xÞ� ¼ quðw0 þ aðpÞxuÞ þ ð1� qÞuðw0 þ aðpÞxdÞ:

Then, the well-being of the investor with optimal expectations is given by a convex combination of
the objective expected utility and the subjective expected utility, as follows:

WðpÞ ¼ jSðpÞ þ ð1� jÞOðpÞ;

2 Because rank dependent probability models, unlike optimal expectations, have nothing to do with belief formation, this result
does not necessarily mean that subjective probabilities induced by optimal expectations have the opposite prediction to inverse S-
shaped probability weightings under rank dependent probability models.
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