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Nabil Al-Najjar (2008) showed how games with countably infinite player sets can be used
to approximate games with large finite player sets. Unfortunately, we have found an error
in the proof of Al-Najjar’s Theorem 5. In this correction we discuss the error and offer two
slightly weaker versions of the theorem.

© 2012 Elsevier Inc. All rights reserved.

1. Introduction

Al-Najjar (2008) constructs a framework for modeling large anonymous games. The model offers one, fairly simple solu-
tion for the technical measurability problems that have pestered earlier continuum-player models, such as the pioneering
work by Schmeidler (1973).

However, his Theorem 5 has a considerably stronger statement compared to the proof offered. In this corrigendum we
first illustrate this error by giving a simple counterexample and then propose two somewhat weaker versions of the original
theorem. Throughout the paper we use Al-Najjar’s notation where applicable and define only any new concepts we use.

2. Alternative formulations for Al-Najjar’s Theorem 5

In his Theorem 5, Al-Najjar states the following: “Suppose that Γ represents a proper sequence of finite-player games
{ΓN}∞N=1. If for each N , μN is an εN -equilibrium for ΓN with εN ↓ 0, then there is an equilibrium μ for Γ and a subsequence
{Nk} such that μNk (t) → μ(t) for every t ∈ T .” In his proof, he picks a subsequence {Nk}k∈N satisfying

lim
k→∞

∫
μNk dλNk = U − lim

N→∞

∫
μN dλN .
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Then for every t ∈ T he defines Nk(t) = min{Nk: k ∈ N, t ∈ T Nk } i.e. ΓNk(t) is defined as the first game in the subsequence
(ΓNk )k∈N where player t appears. After that he continues to prove that the profile defined by μ(t) ≡ μNk(t)(t) is an equi-
librium. It is our understanding that the proof holds in the sense that μ is really an equilibrium. However, the following
example illustrates how that equilibrium need not be the pointwise limit of (μNk (t))k∈N for any t ∈ T .

Example 1. Take a proper sequence of finite-player games where A = {e1, e2}, the set of standard base vectors of R
2, and

define the utility functions by the formula:

uN
(
t,a, (δ,1 − δ)

) = min{2δ,2 − 2δ}
for every δ ∈ [0,1], t ∈ T N , a ∈ A and N ∈ N. Furthermore, suppose that every #T N is even. Enumerate the players so that
T N = {t1, . . . , t#T N } and do not change the enumeration of the players from the previous player sets when more players are
added. Consider then the following strategy profiles: For every N ∈ N, let

μN(tn) =
(

1

2
+ 1

2N
,

1

2
− 1

2N

)
, if n is even

and

μN(tn) =
(

1

2
− 1

2N
,

1

2
+ 1

2N

)
, if n is odd.

Since #T N is even, the expected proportion of players playing e1 is 1
2 for every N . This maximizes the utility function for

all of the players and hence the profile μN must be an equilibrium.
Note that limN→∞ μN(tn) = ( 1

2 , 1
2 ), for any n ∈ N. Now take an arbitrary subsequence of (μN )∞N=1, say (μNk )

∞
k=1. As

every subsequence of a convergent sequence converges to the same limit, we know that limk→∞ μNk (t) = ( 1
2 , 1

2 ). Following
Al-Najjar’s proof define μ(t) ≡ μNk(t)(t). This then means that for any n ∈ N, μ(tn) = μNk(tn)(tn) = ( 1

2 + (−1)n 1
2Nk(t)

, 1
2 −

(−1)n 1
2Nk(t)

) �= ( 1
2 , 1

2 ). Thus the profile suggested in Al-Najjar’s proof as the limiting equilibrium is not a pointwise limit of
any subsequence of the equilibria (μN )∞N=1 for any player t ∈ T .

While the claim of pointwise convergence in Al-Najjar’s Theorem 5 is erroneous, there are at least two ways to weaken its
statement to get the theorem to hold: One can either choose a weaker form of convergence or add additional assumptions.
Theorem 5′ below keeps the original assumptions but yields only a weak analogue of L1-convergence between the sequence
of finite-player profiles and the discrete large game profile. The limiting equilibrium will then be unique only in this L1-
sense. To save the uniqueness of the limit in Al-Najjar’s original theorem, one could keep the theorem as it is but add the
assumption that there exists a profile μ, for which limN→∞ supt∈T N

|μN(t) − μ(t)| = 0. In this case it can be shown that μ
is not merely an equilibrium but an exact equilibrium of the limiting discrete large game. Proof of this result is available
from the authors on request. The formal version of the theorem with Al-Najjar’s original assumptions is the following1:

Theorem 5′ . Suppose that Γ represents a proper sequence of finite-player games {ΓN}∞N=1 . If for each N, μN is an εN -equilibrium for
ΓN with εN ↓ 0, then there exists an equilibrium profile μ(t) for Γ which satisfies

lim
N→∞

∑
t∈T N

|μ(t) − μN(t)|
#T N

= lim
N→∞

∫
T N

∣∣μ(t) − μN(t)
∣∣dλN = 0. (2.1)

Note that compared to the original version, in the corrected version there is no need to move to a subsequence of
strategy profiles.

Proof of Theorem 5′ . Let N̂(t) be the smallest N for which t ∈ T N . For all t ∈ T define μ(t) = μN̂(t)(t). Then the following
estimate holds:∫

T N

|μ − μN |dλN = 1

#T N

∑
t∈T N

∣∣μ(t) − μN(t)
∣∣

= 1

#T N

∑
t∈T N−1

∣∣μ(t) − μN(t)
∣∣ + 1

#T N

∑
t∈T N \T N−1

∣∣μ(t) − μN(t)
∣∣

� #T N−1

#T N
+ 1

#T N

∑
t∈T N \T N−1

∣∣μ(t) − μN(t)
∣∣.

1 We would like to thank the anonymous referee for pointing out this version of the theorem.
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