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a b s t r a c t

The composite Bernstein copula (CBC) (Yang et al., 2015) is a copula function generated from a compo-
sition of two copulas. This paper first shows that some well-known copulas belong to the CBC family
with desirable properties. An EM algorithm for estimating the CBC is proposed, and it is applied for a
real dataset to show the fitting result of the CBC in modeling dependence. The probabilistic structure for
the CBC family is presented, which is useful for generating random numbers from the CBC. Finally, the
probabilistic structure of the CBC is applied to credit risk analysis of collateralized debt obligations to
show its advantage in empirical analysis.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

A copula function is a multivariate distribution function with
uniform [0,1] marginal distributions. It is known that for each joint
distribution function H with marginal distributions F1, . . . , Fn,
there exists an n-dimensional copula C such that

H(x1, x2, . . . , xn) = C(F1(x1), F2(x2), . . . , Fn(xn)).

The copula function C is unique when the marginal distributions
are continuous. See Nelsen (2006) for detailed introduction on
copula functions. Now copula functions have been widely used in
insurance and finance. Please see Shi and Frees (2011) for copula
methods in loss reserving of non-life insurance and Avanzi et al.
(2011) for modeling dependence in insurance claims using Lévy
copulas. See also Cherubini et al. (2004) for copula methods in
finance and McNeil et al. (2015) for copulamethods in quantitative
risk management.

Constructions of copula functions have become an important
research area for the past few years. The Bernstein copula (BC) is
a family of copula functions introduced by Sancetta and Satchell
(2004) for approximating copula functions. Following Sancetta
and Satchell (2004)’s work, Janssen et al. (2012), Baker (2008),
Dou et al. (2013), Dou et al. (2016), Sancetta (2007) and Weiss and
Scheffer (2012) discussed the BC from probabilistic and statistical
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perspectives, and Diers et al. (2012) and Tavin (2015) focused on
the applications of the BC in non-life insurance and finance. Re-
cently, Yang et al. (2015) introduced a new family of multivariate
copulas, the composite Bernstein copula (CBC), generated from a
composition of two copulas. For fixed m ∈ N, let FB(m,u) be the
binomial distribution function with parameter (m, u), u ∈ [0, 1],
and F←B(m,u) be the left-continuous inverse function of FB(m,u). Given
n-copulas C and D and the positive integers mi, i = 1, . . . , n, the
CBC is defined as

Cm1,...,mn (u1, . . . , un|C,D)

:= E[C(
F←B(m1,u1)

(UD
1 )

m1
, . . . ,

F←B(mn,un)(U
D
n )

mn
)],

where (UD
1 , . . . ,UD

n ) is a random vector with distribution function
D, here D is the survival copula of the copula function D. And C
is called the target copula and D is called the base copula. One
interesting property for the CBC is that

C1,...,1(·|C,D) = D(·), lim
mi→∞,i=1,...,n

Cm1,...,mn (·|C,D) = C(·). (1)

Moreover, the CBC is able to capture the tail dependence, and it has
a reproduction property for the three important dependence struc-
tures: comonotonicity, countermonotonicity and independence.
The CBC can also incorporate both prior information and data into
the statistical estimation. Please refer to Yang et al. (2015) for
details.

In this paper, we discuss the CBC from its generality, its sta-
tistical estimation, its probability structure and its application in
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portfolio credit risk. We first present three equivalent statements
for the CBC, then we illustrate that some well-known copulas,
such as Bernstein copulas in Sancetta and Satchell (2004), Baker’s
distributions in Baker (2008), Baker’s Type II BB distributions
in Bayramoglu and Bayramoglu (Bairamov) (2014) and mixture
copulas in Baker (2014), belong to the CBC family. An EMalgorithm
for estimating the CBC is proposed, and an analysis for the con-
somicmouse data (Dou et al., 2016) shows that the CBC is superior
to the BC and the Gaussian copula for this dataset according to the
Akaike information criterion (AIC). The probabilistic structure for
the CBC family is presented, where the relationship between the
CBC and its base and target copulas is described from probabilistic
viewpoint. Finally, the probabilistic structure for the CBC family
is applied in the modeling of portfolio credit risk to show its
advantage.

The remainder of the paper is organized as follows. In Section 2,
we present three equivalent statements for the CBC and illustrate
that some well-known copulas belong to the CBC family. In Sec-
tion 3, an EM algorithm is proposed for estimating the CBC. In
Section 4, we give the probabilistic structure of the CBC and apply
it to analyze Spearman’s rho of the copula family. In Section 5, we
apply the probabilistic structure of the CBC in portfolio credit risk
analysis. The conclusions are drawn in Section 6. Some proofs are
put in Appendices.

2. The families of the CBC

2.1. Basic introduction about the CBC

In the following, we will give some equivalent statements for
the CBC, which illustrate the copula family from different view-
points.

As we introduced before, for fixed m ∈ N, let FB(m,u) be the
binomial distribution function with parameter (m, u), u ∈ [0, 1].
For j = 0, 1, . . . ,m − 1 and u ∈ [0, 1], we denote F B(m,u)(j) =
1− FB(m,u)(j). Then it holds that

F B(m,u)(j) =
m∑

i=j+1

(
m
i

)
ui(1− u)m−i = mBj,m−1(u), (2)

where for k = 0, 1, . . . ,m,

bk,m(t) =
(
m
k

)
tk(1− t)m−k, t ∈ [0, 1]; Bk,m(u) =

∫ u

0
bk,m(t)dt.

It is also known that F B(m,u)(j) is the distribution function of
the (j + 1)th smallest order statistic of m i.i.d. Uniform [0,1] ran-
dom variables. For detailed introduction about F B(m,u)(j) and order
statistics, please see Reiss (2012).

Theorem2.1. For the given copula functions C andD, and the positive
integers mi, i = 1, . . . , n, the following statements are equivalent:

(1) For a random vector (UD
1 , . . . ,UD

n ) with the distribution func-
tion D,

Cm1,...,mn (u1, . . . , un|C,D)

= E[C(
F←B(m1,u1)

(UD
1 )

m1
, . . . ,

F←B(mn,un)(U
D
n )

mn
)]. (3)

(2) For a random vector (V1, . . . , Vn)with the distribution function
C,

Cm1,...,mn (u1, . . . , un|C,D)

= E[D(F B(m1,u1)(m1V1), . . . , F B(mn,un)(mnVn))]. (4)

(3) For an n-discrete random vector (K1, . . . , Kn) defined on the
grids

∏n
i=1{1, 2, . . . ,mi} with the uniform marginal laws,

Cm1,...,mn (u1, . . . , un|C,D)

=

m1∑
k1=1

· · ·

mn∑
kn=1

D(m1Bk1−1,m1−1(u1), . . . ,mnBkn−1,mn−1(un))

× P(K1 = k1, . . . , Kn = kn), (5)

where Ki = [miVi] + 1, i = 1, . . . , n, and (V1, . . . , Vn) is a
random vector with the distribution C.

Proof. First we assume that (3) holds. Since (V1, . . . , Vn) is a
random vector with the distribution function C , we have

Cm1,...,mn (u1, . . . , un|C,D)

= E[P(Vi ≤
F←B(mi,ui)

(UD
i )

mi
, i = 1, . . . , n|UD

1 , . . . ,UD
n )]

= E[P(FB(mi,ui)(miVi) ≤ UD
i , i = 1, . . . , n|V1, . . . , Vn)]

= E[D(F B(m1,u1)(m1V1), . . . , F B(mn,un)(mnVn))].

Thus (4) follows.
Similarly, from (4) we can prove that (3) holds.
Next we assume that (4) holds. Note that (V1, . . . , Vn) has the

distribution C , thus we have

Cm1,...,mn (u1, . . . , un|C,D)

= E[D(F B(m1,u1)(m1V1), . . . , F B(mn,un)(mnVn))]

=

m1−1∑
k1=0

· · ·

mn−1∑
kn=0

D(F B(m1,u1)(k1), . . . , F B(mn,un)(kn))

×P([m1V1] = k1, . . . , [mnVn] = kn)

=

m1∑
k1=1

· · ·

mn∑
kn=1

D(F B(m1,u1)(k1 − 1), . . . , F B(mn,un)(kn − 1))

×P([m1V1] = k1 − 1, . . . , [mnVn] = kn − 1).

For Ki = [miVi]+ 1, P(Ki = ki) = P(ki− 1 ≤ miVi < ki) = 1
mi
. Then

Cm1,...,mn (u1, . . . , un|C,D)

=

m1∑
k1=1

· · ·

mn∑
kn=1

D(m1Bk1−1,m1−1(u1), . . . ,mnBkn−1,mn−1(un))

×P(K1 = k1, . . . , Kn = kn),

due to the fact that F B(m,u)(k − 1) = mBk−1,m−1(u) by Eq. (2). Thus
(5) follows.

Similarly, from (5) we can get (4). □

For the CBC in Theorem 2.1, C is called the target copula and D
is called the base copula.

Remark 2.1. Theorem2.1 presents three equivalent statements for
the CBC. Either one of them can be applied for discussing the CBC
and connecting the CBC with some known copula families in the
literature:
(1) Expression (3) can be seen by adding noise on the target copula
C . Note that we can express (3) as follows:

Cm1,...,mn (u1, . . . , un|C,D)

= E[C(u1 +
F←B(m1,u1)

(UD
1 )

m1
− u1, . . . , un +

F←B(mn,un)(U
D
n )

mn
− un)].

Thus the random noise vector

(
F←B(m1,u1)

(UD
1 )

m1
− u1, . . . ,

F←B(mn,un)(U
D
n )

mn
− un),
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