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• We study the non-parametric estimation of the Haezendonck Risk Measure via the empirical Haezendonck risk measure.
• We provide a strong consistency result for the empirical Haezendonck risk measure.
• We also provide a weak convergence result for the empirical Haezendonck risk measure.
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a b s t r a c t

Haezendonck–Goovaerts risk measures is a recently introduced class of risk measures which includes, as
its minimal member, the Tail Value-at-Risk (T-VaR)—T-VaR arguably the most popular risk measure in
global insurance regulation. In applications often one has to estimate the risk measure given a random
sample from an unknown distribution. The distribution could either be truly unknown or could be the
distribution of a complex function of economic and idiosyncratic variables with the complexity of the
function rendering indeterminable its distribution. Hence statistical procedures for the estimation of
Haezendonck–Goovaerts riskmeasures are a key requirement for their use in practice. A natural estimator
of theHaezendonck–Goovaerts riskmeasure is theHaezendonck–Goovaerts riskmeasure of the empirical
distribution, but its statistical properties have not yet been explored in detail. Themain goal of this article
is to both establish the strong consistency of this estimator and to derive weak convergence limits for
this estimator. We also conduct a simulation study to lend insight into the sample sizes required for these
asymptotic limits to take hold.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Haezendonck–Goovaerts risk measures is a class of risk mea-
sures which was recently introduced in Goovaerts et al. (2004). It
is based on the premium calculation principle induced by an Or-
licz norm, as presented in Haezendonck and Goovaerts (1982) (see
also Goovaerts et al., 2003), in the sense that it is the translation-
equivariant minimal Orlicz risk measure. This class of risk mea-
sures was further studied in Bellini and Gianin (2008a), and they
present an alternate formulation of these risk measures which
makes them coherent in the sense of Artzner et al. (1997, 1999). It is
worthmentioning that the Haezendonck–Goovaerts riskmeasures
preserve the convex order; see Goovaerts et al. (2004), Bellini and
Gianin (2008a), Nam et al. (2011), Ahn and Shyamalkumar (2011b)
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and Tang and Yang (2012) for further properties of these risk
measures. The most prominent member of this class, and in fact
its minimal member, is the Tail Value-at-Risk (T-VaR)—T-VaR ar-
guably the most popular risk measure in the global insurance reg-
ulation.

In applications often one has to estimate the riskmeasure given
a random sample from an unknown distribution. The distribution
could either be truly unknown or could be the distribution of a
complex function of economic and idiosyncratic variables with the
complexity of the function rendering indeterminable its distribu-
tion. For example, under the US statutory (NAIC) regulations, for
variable annuities both valuationunderAG43 (VACARVM) and cap-
ital calculations under C3 Phase II require the estimation of T-VaR
using data from stochastic simulations. The data used to calculate
T-VaR for the portfolio is i.i.d. in nature from an unknown distri-
bution. Soon, such calculations will be required for life insurance
products as well. It is noteworthy that insurance companies are
spending valuable resources to conduct these exercises efficiently.
Our interest in the broader problem of developing statistical infer-
ence procedures for the estimation of risk measures is driven by
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such applications. The above, in particular, implies that good sta-
tistical procedures for the estimation of Haezendonck–Goovaerts
risk measures are a key requirement for its use in practice.

An interesting alternate formulation of the problem is that of
Krätschmer and Zähle (2011) where they study estimating the risk
measure evaluated at the distribution of a sum of large number of
identically distributed but possibly weakly dependent variables. In
this case, one expects that this distribution will be close to normal,
and they study the quality of estimating the risk via the normal
approximation. This setup does not cover applications of the type
mentioned above as while the output from a single simulation run
is the sum of a large number of random variables, these random
variables are both non-identically distributed and exhibit strong
dependence. Hence, the output from a single simulation run is far
from normal.

While the above references study properties of the Haezen-
donck–Goovaerts risk measures, only Bellini and Gianin (2008b)
deals with its statistical estimation. Note that the natural non-
parametric estimator for the Haezendonck–Goovaerts risk mea-
sure is its empirical analog, the Haezendonck–Goovaerts risk
measure of the empirical distribution. In Bellini andGianin (2008b)
the authors conduct a simulation study of this estimation proce-
dure, and also use it to estimate the efficient frontier when the
risk ismeasured by aHaezendonck–Goovaerts riskmeasure.While
this study suggests, in some cases, a normal asymptotic limit for
this estimator, neither the consistency nor the weak convergence
of this estimator has been established. This then is the main goal
of this article; we provide a strong consistency and a weak conver-
gence result for this non-parametric estimator with the latter also
covering situationswith a non-normal limit. The difficulty in estab-
lishing asymptotic results arises in good part from the lack of a con-
venient closed form expression for the Haezendonck–Goovaerts
risk measure of the empirical distribution function.

We note that significant work has been done for the estimation
of another class of risk measures referred to as distortion risk
measures (introduced in Wang, 1996), see Beutner and Zähle
(2010), Jones and Zitikis (2003) and references therein. This class
of risk measures includes coherent risk measures such as T-VaR,
and incoherent (albeit popular) risk measures such as VaR as well.
Study of theweak limits of estimators of such riskmeasures, unlike
theHaezendonck–Goovaerts riskmeasures, is greatly facilitated by
the existence of closed form expressions for the risk measure, and
that plug-in estimators are linear functions of order statistics. For
a discussion of distortion risk measures and a connection between
a subset of Haezendonck–Goovaerts risk measures and distortion
risk measures, see Krätschmer and Zähle (2011). The results in this
paper are established for an arbitrary Haezendonck–Goovaerts risk
measure under near ideal conditions.

After some definitions and establishing the notation we
provide an example which demonstrates this inherent nature of
our problem, and another that demonstrates that non-normal
asymptotic weak limits occur even in non-pathological situations.

A non-negative, strictly increasing, convex functionΨ (·) on R+

with Ψ (0) = 0 and Ψ (1) = 1 is called a normalized Young func-
tion (see Rao and Ren, 1991 for details). In the following we will
work with the extensions of such functions to the whole of R sat-
isfying Ψ (x) = 0 for x < 0. For convenience we will refer to
such extensions simply as Young function. The class of Haezen-
donck–Goovaerts risk measures is indexed by the class of Young
function, and for each Haezendonck–Goovaerts riskmeasure there
exists a class of random variables for which it is well defined. A
subset of this class of random variables is denoted by XΨ , and is
defined by

XΨ :=


X
Pr (X ≤ 0) = 1 or ∃s∞ ≥ 0 such that

× E

Ψ


X
s


< ∞, for s > 0 ⇔ s > s∞


. (1)

In Bellini and Gianin (2008a), for convenience, the random vari-
ables were restricted to L∞, the space of essentially bounded ran-
dom variables, a subset of XΨ ; we allow s∞ to be greater than 0
in (1), unlike in Goovaerts et al. (2004), to accommodate situations
like those in Example 5 where Ψ (·) is exponential and X is an ex-
ponential random variable.

The Orlicz premium principle corresponding to Ψ (·), and at
level α ∈ [0, 1), is denoted by HαΨ (·), and for X ∈ XΨ , HαΨ (X) is
defined as the unique positive solution of the equation

E

Ψ


X

HαΨ (X)


= 1 − α, for Pr (X > 0) > 0,

with HαΨ (X) := 0 if Pr (X ≤ 0) = 1 (see Haezendonck and
Goovaerts, 1982, Goovaerts et al., 2004, and Bellini and Gianin,
2008a). For X ∈ XΨ , following Bellini and Gianin (2008a) and
Goovaerts et al. (2004),we define theHaezendonck–Goovaerts risk
measure at level α ∈ [0, 1), denoted by παΨ (X), as

παΨ (X) := inf
x∈R


HαΨ (X − x)+ x


. (2)

For X ∈ L∞, Proposition 16 of Bellini and Gianin (2008a) shows
that the above infimum is attained for α ∈ (0, 1); their argument
is easily extended to XΨ . Moreover, examples exist where this in-
fimum is not attained when α = 0. Along the lines of Example 15
of Bellini and Gianin (2008a), one such example is when Ψ (·) and
F(·) are defined as

Ψ (x) =


0, x < 0;
x2k, otherwise, where k ≥ 1, and

F(x) =


0, x < −1;
1
2
, −1 ≤ x < 1;

1, otherwise.

For this reason, and also since for risk management purposes it
is only the high values of α that are of interest, in the following
we will restrict our attention to α ∈ (0, 1) when working with
Haezendonck–Goovaerts risk measures.

For convenience we define παΨ (X; ·) as

παΨ (X; x) :=

HαΨ (X − x)+ x


, x ∈ R. (3)

and denote by IαΨ (F), where F denotes the distribution of X , the set
of minimizers of παΨ (X, ·). In Bellini and Gianin (2008a) it is shown
that παΨ (X; ·) is a convex function for X ∈ L∞, and we note that
this result too can be easily extended to X ∈ XΨ . This extension in
particular implies that IαΨ (F) is a closed interval.

From now on X, X1, X2, . . . will denote a sequence of indepen-
dently and identically distributed random variables on our under-
lying probability space (Ω,F , P) with X ∈ XΨ . Also, F(·) we
will denote their common distribution function. Note that by the
definition of the Haezendonck–Goovaerts risk measure, we could
define HαΨ (F), π

α
Ψ (F) and παΨ (F; ·) to equal HαΨ (X), π

α
Ψ (X) and

παΨ (X; ·), respectively. By Fn(·) we will denote the empirical dis-
tribution function of the random sample of size n consisting of
X1, . . . , Xn, i.e.

Fn(x) :=
1
n

n
i=1

IXi≤x, x ∈ R.

We denote by En (g(Y )) the expectation of g(Y ) with Y ∼ Fn. As
for such Y we have Y ∈ L∞ (⊆XΨ ), HαΨ (Fn) and π

α
Ψ (Fn) are both

well defined, andmoreover are easily seen to be a random variable
defined on (Ω,F , P). Note that HαΨ (Fn) and παΨ (Fn) are natural
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