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Abstract

In this paper, we study a Markov regime-switching risk model where dividends are paid out according to a certain threshold strategy depending
on the underlying Markovian environment process. We are interested in these quantities: ruin probabilities, deficit at ruin and expected ruin time.
To study them, we introduce functions involving the deficit at ruin and the indicator of the event that ruin occurs. We show that the above functions
and the expectations of the time to ruin as functions of the initial capital satisfy systems of integro-differential equations. Closed form solutions
are derived when the underlying Markovian environment process has only two states and the claim size distributions are exponential.
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1. Introduction

Recently ruin theory under regime-switching model is
becoming a popular topic. This model is proposed in Reinhard
(1984) and Asmussen (1989). Asmussen calls it a Markov-
modulated risk model. The model builds a Markov chain
whose states represent different states of an economy into the
insurance risk model. The regime switching of the states of
the economy can be attributed to the structural changes in the
(macro-)economic conditions, the changes in political regimes,
the impact of (macro-)economic news and business cycles, etc.
There are many papers published on ruin probabilities under
the Markov regime-switching model. For example, Baeuerle
(1996) investigates the expected ruin time of a Markov-
modulated risk model. Lu and Li (2005) study ruin probabilities
under this model. Ng and Yang (2005) obtain an upper bound
for the joint distribution of surplus before and at ruin under
the regime-switching model by using a martingale approach.
Ng and Yang (2006) present some explicit results for the joint
distribution of surplus before and at ruin under this model
in the cases of zero initial surplus and phase type claim size
distributions, respectively.
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In Gerber (1973, 1979), ruin probability is studied under the
classical insurance risk model with a linear dividend barrier.
Lin et al. (2003) study the Gerber—Shiu function under an
insurance risk model with dividends. Lin and Pavlova (2006)
study the Gerber—Shiu function under a classical insurance risk
model with a threshold dividend strategy. Readers are referred
to Gerber and Shiu (2004) for a set of references for dividend
related problems.

In this paper, we assume that the states of the Markov chain
can be explicitly observed. Since the premium and the claims
process of the model depend on the state of the underlying
Markov chain, it is natural to assume that the dividend threshold
level and the dividend payment rate also depend on the state of
the Markov chain. We consider the regime-switching insurance
risk model with a threshold dividend strategy. Those models
with a constant dividend threshold level and a constant payment
rate are special cases of our model. Our paper can be considered
as an extension of the model in Lin and Pavlova (2006) or a
modification of the model in Baeuerle (1996).

In this paper, the ruin probability, the deficit at ruin and the
expected ruin time are studied. We work with functions that
involve the deficit at ruin and the indicator of the event that
ruin occurs. We also treat the expectations of the time to ruin
as functions of the initial value of the risk process. Systems
of integro-differential equations satisfied by these quantities


http://www.elsevier.com/locate/ime
mailto:jozhu@hkusua.hku.hk
mailto:hlyang@hkusua.hku.hk
http://dx.doi.org/10.1016/j.insmatheco.2007.03.004

312 J. Zhu, H. Yang / Insurance: Mathematics and Economics 42 (2008) 311-318

are obtained. In the two-state case, closed form solutions are
obtained if claim sizes follow exponential distributions.

The paper is organized as follows. The model is presented
in Section 2. In Section 3, we show that in the Markov-
modulated risk model, there also exists a condition similar to
the positive safety loading condition in the classical model,
which guarantees that the ruin probability is strictly less than
1. We deal with the functions related to the ruin probability and
the deficit at ruin in Section 4. We derive systems of integro-
differential equations satisfied by the functions concerned and
thereafter transform the equations into second-order ordinary
differential equations under the assumption that claim sizes
follow exponential distributions. Therefore our problems are
reduced to solving systems of ordinary differential equations.
Closed form solutions for the concerned quantities in the case
that the environment process has two states are obtained. In
Section 5, we derive the system of integro-differential equations
satisfied by the expected ruin time and obtain the closed form
solution in the two-state case with exponential claim size
distributions. Numerical examples are given in the last section.

2. The model

Consider a Markov regime-switching risk model where
the premium rates, claim inter-arrival times and claim size
distributions depend on a stationary Markov process {J;}o<t<co
with a finite state space £ = {1, 2, ..., m}, which is governed
by the intensity matrix Q = (gij)mxm. At time t, given Jy,
the premium rate is py,, claims arrive according to a Poisson
process with intensity Ay, and if a claim arrives at time ¢ the
claim size distribution function is Fj,(-). Without confusion,
we sometimes use the notation F;, i € &, to represent the
corresponding distributions and ur,, i € &, to represent the
corresponding expectations. We denote by U, the size of the
nth claim and S, the arrival time of the nth claim. Given
{Js, Inen, the sequence of claim sizes Uy, Uy, ... are assumed
to be mutually independent and independent of {S,},en and
{Jr}i>0. We further assume that {J;},>¢ is time-homogeneous,
irreducible and recurrent, and 7 is its invariant distribution. We
use the Markov-modulated Poisson process N; to denote the
number of claims up to time ¢, i.e. N; = max{n > 0: S, < t}.

Furthermore we assume that given J;, the insurer pays
dividends at rate d, to policyholders if the surplus at this time
exceeds the level by, . The risk surplus process is defined by

t
R: = Ry +/0 (ps, I{Rs— < by}

N
+(ps, —d1)I{Ry— = by }yds = > Uy,
=1

(2.1)

where R is a random variable independent of {J;}, {N;} and
{U,}. Throughout the paper, we base our study on the filtered
probability space (2, F, {F;:}i>0, P), where F; = o {(R;, Js) :
0 < s < t}. Note that the process {(R;, J;)};>0 is a time-
homogeneous Markov process.

In the classical risk theory, when we talk about ruin
probabilities, we always assume that the net-profit condition

holds, otherwise ruin is certain. We will show, in the next
section, that there is a similar condition for this dividend
modified process to guarantee that ruin is not certain.

Denote the time to ruin by

T =inf{r > 0: R; < 0}
and define

P,iy(:) =P(|Ry = x, Jo = i),
E(x.i)(-) = E[-|Ry = x, Jo = i].

We are interested in the conditional ruin probabilities,
Y (x;i) =P iy (T < 00), the distribution of the deficit at ruin,
¢(x,y;i) =P (T < oo, |Rr| < y), and the expectation of
the time to ruin, V (x; i) = E(y,;)[T], given the initial surplus x
and the initial environment state i € £. Define, for any fixed i,

L(x;i) = Eqeple RTI{T < o0}], fors > 0.

Then for any fixed i € &, ¥(x;i) = L(x;i)|s=0 and L(x; i)
is the Laplace—Stieljes transform of ¢ (x, y; i) with respect to y
with parameter 4, i.e.

L(x;i) = /OO e Vo (x,dy;i).
0

So it is sufficient for us to investigate the functions L (x; i) and
V(x;i) fori € £ We will show that L(x;i) and V(x; i) for
i € & satisfy certain systems of integro-differential equations.
When the claim size distributions are of exponential type, we
obtain second-order ordinary linear differential equations with
constant coefficients satisfied by these quantities. The equations
are solved when the Markov chain {J;};>¢ has only two states.

3. The net-profit condition

In this section, we consider the net-profit condition for our
model. Our result indicates that the ruin probabilities will be
less than 1 no matter what the premium rates are when the
surplus falls below the maximal threshold level max;cg{b;} as
long as the net-profit condition holds when the surplus is above
the maximal dividend level.

Theorem 3.1. For x > 0, the ruin probabilities ¥ (x;i) < 1
fori €& ifandonlyif Y ;e MidilkF, < Y ;ce Wi(pi — di).

In the following proof, we define Ry and Ry to be two
random variables independent of {J;}, {N;} and {U, }.

Proof. Assumethat ) ; o miAitr; < ) ;ce Wi(pi—d;). Define
a risk process

t N
R, =R0+/ (ps, —dy)ds =) Uy,
0 I=1

and let T be the corresponding time to ruin. Then
P(T < o0) < P(T < o0) < 1.

Proof of the last inequality can be found in Reinhard (1984).
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