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In this paper we investigate the ruin probability in a general risk model driven by a compound Poisson
process. We derive a formula for the ruin probability from which the Albrecher-Hipp tax identity follows
as a corollary. Then we study, as an important special case, the classical risk model with a constant force
of interest and loss-carried-forward tax payments. For this case we derive an exact formula for the ruin
probability when the claims are exponential and an explicit asymptotic formula when the claims are
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1. Introduction

In the classical risk model, the surplus process of an insurer is
described as

Ut) =u+ct—S(), t=0.

Here, u > 0 is the initial surplus, ¢ > 0 is the constant premium
rate,and S(t) = Zf\':(? X; is acompound Poisson process modelling
aggregate claims having the Poisson parameter A > 0 and individ-
ual claim-size distribution Fx with Fx(0) = 0 and mean i > 0. An
important quantity in risk theory is the (infinite-time) ruin proba-
bility

Y (u) =Pr(U(t) < Oforsomet > 0|U (0) =u).

Denote by @ (u) = 1 — ¥ (u) the non-ruin probability.
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Albrecher and Hipp (2007) extended the study to incorporate
tax payments. They proposed a loss-carried-forward tax scheme
with a constant tax rate y € [0, 1). That is, tax is paid at a fixed
rate y € [0, 1) whenever the insurer is in a “profitable situation”.
The reader is referred to their paper for more details about the
loss-carried-forward tax scheme. The modified surplus at time
t is written as U, (t) and the corresponding ruin and non-ruin
probabilities are denoted by ¥, (u) and @, (u), respectively. Using
conditioning techniques and product identities and assuming that
the insurer is in a “profitable condition” immediately after time O,
they established the following remarkably simple formula:

&, ) = [6W]T7 . (1.1)

Subsequently, Albrecher et al. (2009) refined the proof of (1.1)
by linking queueing concepts with risk theory and extended the
identity to arbitrary surplus-dependent tax rates.

In this paper we are interested in the ruin probability of a
general risk model whose surplus process at time t is denoted by
U, (t) and characterized by the following stochastic differential
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equation (SDE):
e (Ug () dt —dS(t), if Ug () < Mg(0),
dUg (0) = {cz gui ©)dt —ds(o), ifU, ) = My, P

where ¢;(-) and c,(-) are two positive functions, and My (t) =
max{U; (s),0 < s < t} denotes the running maximum of the
surplus process. Whenever the surplus is at the running maximum,
the company is according to the terminology of Albrecher and
Hipp (2007) in a “profitable situation”. For initial surplus u > 0,
denote by ¥, (u) and &, (u) the corresponding ruin and non-ruin
probabilities, respectively. Note that although the surplus process
{Ug (t),t > 0} does not possess the Markov property, the pair
{(Ug (t) , Mg(t)), t > 0} does.

First, we derive a formula for the ruin probability in the general
risk model (1.2) and we show that the Albrecher-Hipp tax identity
follows as a corollary. Then, we consider an important special case
of the risk model (1.2) where ¢; (x) = ¢ + dx and ¢ (x) =
(c 4+ 6x) (1 — y(x)), with § > 0 interpreted as a constant force of
interest and y (x) € [0, 1) as a surplus-dependent tax rate. Denote
by ¥s,, (u) and ®s, (u) the corresponding ruin and non-ruin
probabilities, respectively. We shall drop the subscript y whenever
it is zero unless any confusion could be caused.

The rest of this paper is organized as follows: Section 2 stud-
ies the behavior of the general risk model (1.2) and extends the
Albrecher-Hipp tax identity as a by-product, Section 3 derives
an exact formula for @;, (u) for the case of exponentially dis-
tributed claims, Section 4 obtains an explicit asymptotic formula
for ¥ ,, (u) for the case of subexponential claims, and Section 5
tests the accuracy of the asymptotic formula by some numerical
examples.

2. General discussion on ruin probability

The central result of this section is Proposition 2.1 given below.
From this, the Albrecher-Hipp tax identity follows as a corollary.

2.1. Akey formula

For x > u > 0, let h(u, x) denote the probability that the
surplus process {Ug (t), t > 0}, having initial value u, will reach
the level x before possible ruin. Trivially, h(x, x) = 1. Furthermore,
we define a function q(x), which is a conditional probability, as
follows. Conditioning on that as the surplus process upcrosses the
level x for the first time, there is a claim at that instant, g(x) denotes
the probability that ruin occurs before the surplus returns to the
level x. Thus, 1 — q(x) gives the probability that the surplus stays
nonnegative before its return to the level x. Note that q(x) depends
on the function c;(-) but not on the function c,(-). As the model
assumes that at time 0 the surplus is at its running maximum, q(u)
is well defined.

We have the following:

Proposition 2.1. Consider the general risk model (1.2). Then, for
u<x,

h(u, x) = exp {— /X iq((yy)) dy} . (2.1)
u 2

Proof. By considering whether or not there is a claim during the
infinitesimal time interval from O to dt, we have
h(u,x) = (1 — Adt)h(u + ca(w)dt, x) + Adt - (1 — q(w))h(u, x)
= h(u + c;(u)dt, x) — Adt - q(u)h(u, x)
— Adt [h(u + ¢ (u)dt, x) — h(u, x)],

which leads to the differential equation

doh(u, x)
ca(u) — Aq(wh(u, x) = 0.
au
Formula (2.1) follows from this equation and the boundary condi-
tion h(x, x)
=1 0O

By definition, h(u, 00) = @, (u). Therefore, an immediate con-
sequence of Proposition 2.1 is as follows:

Corollary 2.1. Consider the general risk model (1.2). Then

Dy (u) = exp {— /OO M®) dx} . (2.2)

(%)

Note that, in general, the probability q(u) is unknown.
Nevertheless, by (2.2) it holds that

_ % Wow
@, (u) A

q(u) , (2.3)
which shows that the probability g(u) and the non-ruin probability
@, (u) can be determined by each other once ¢, (u) is known; see,
e.g. (2.8) below.

2.2. Extension of the Albrecher-Hipp tax identity

We shall show that an extended version of the Albrecher-Hipp
tax identity (1.1) follows from (2.2). Let c;(x) = (1 — y)c1(x), with
y € [0, 1) interpreted as a constant tax rate. That is, tax is paid
at a fixed rate y € [0, 1) whenever the insurer is in a “profitable
situation”. If the corresponding non-ruin probability is denoted by
&, ,, (u) then we have

A 1
D, (1) = exp{— / d%dx} = [@g0)]T7 . (24)

Therefore, the Albrecher-Hipp tax identity (1.1) corresponds to
(2.4) with ¢ (-) being a positive constant c.

2.3. In the presence of interest earnings and tax payments

From now on, we consider an important special case of the ge-
neral risk model (1.2) where ¢; (x) = ¢ + dx and ¢, (x) = (¢ + 6x)
(1 — y(x)), with § > 0 interpreted as a constant force of interest
and y (x) € [0, 1) as a surplus-dependent tax rate.

It follows from Corollary 2.1 that

e q(x)
Por (i) = exp { f (c+50(1— y(x))dx} 23
When y (x) = 0, formula (2.5) reduces to
P Y Gl Y 161
@; (u) = exp{ /u py (Sde} . (2.6)

When y (x) = y € [0, 1) is a constant, formulas (2.5) and (2.6)
immediately imply the Albrecher-Hipp tax identity

_1
D5, (W) =[Ds (W] . (2.7)
Furthermore, similar to (2.3), it follows from (2.6) that

_ P5(u)c+du

qu) = &) A
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