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1. Introduction

Standard actuarial models assume that the random effects
used in the distributions of the number of claims are identically
distributed. In this framework, the credibility granted to the
history of the policyholder increases with the frequency premium.
Credibility is the no claims discount for a claimless history and
the increasing relationship between an actuarial bonus and an
estimated risk level is quoted in various papers (e.g. Dionne and
Vanasse (1989)).

There is however empirical evidence of a decreasing link
between the variance of the random effect and the frequency risk
for automobile insurance data (see Sections 3 and 4 with results
obtained from a Spanish portfolio). In other words, the residual
relative heterogeneity on claims number distributions is more
important for low risks.

In this paper, the variance of the random effect applied
to Poisson distributions is conditioned on frequency risk and
hence on the rating factors. First, we retain a local estimation
approach of a nonparametric link between the variance and the
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frequency.! Section 2 summarizes the main properties of kernel-
based estimators in generalized linear models. This approach is
used in Section 3 to estimate the nonparametric link. Second,
a parametric power link is specified and estimated in Section 4
from the negative binomial model. Consequences of the credibility
derivation are drawn in Section 5. Section 6 concludes and an
appendix contains some mathematical details.

The main empirical finding is that the link between credibility
(or no claims discount) and the frequency premium is lower
when the equidistribution assumption of the random effect is
relaxed than it is in the usual model. The opposite result is obtained
for the increase in premium after a claim.

2. Kernel estimators in generalized linear models: The index
model

Generalized linear models for a response variable Y and a vector
of regressors X (X € R¥) assume that

EY|X=x=fXp), BeR" (1)

1 Local estimation techniques can also be used for prediction on time series (see
Qian (2000) for applications to insurance.
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The function f is a link between an index x'8 (i.e. a scalar product
between regressors and parameters) and the expectation of the
response variable. In the literature on generalized linear models,
the link usually refers to the reciprocal of f, but here we retain the
function which is estimated in the first place. For identifiability
purposes detailed later, we suppose that the intercept is not
included as a regressor in (1) and that the distribution of X is
nondegenerate in R¥. For basic generalized linear models, f is given
and then an intercept must be included in the regression (see
McCullagh and Nelder (1989)). For a count data model, f is usually
the exponential function. If f is unknown in the specification so
that an estimation is required, Eq. (1) is referred to as an index
model (see Hdrdle et al. (1997)). In that case, there is an obvious
identifiability conflict between g and f in Eq. (1). Only the line R3
can be identified from the data. In other words, what is identified
is the conditional expectation, assumed to be constant on affine
hyperplanes of R which are orthogonal to a given vector. For a
given value of 8, a nonparametric estimation of f(s) can be based
on local weighted averages of the response variable, with weights
which decrease with the distance between s and the individual
values of the index.

A first estimation of index models can be obtained from a para-
metric specification of the distribution of Y defined conditionally
on X. Let us assume that we have, in that case,

E(Y|X=x)=fo(c+xb); ceR,beRk, (2)

with fy a given link function. Let b be the maximum likelihood es-
timator of b. The conditional expectation defined in (1) can be es-
timated with a kernel estimator.

Inasampling modelon (X, Y) withn observations (x;, yi)i—1..n»
an estimator of E(Y | X) of the Nadaraya-Watson type is obtained
from a kernel K (usually an even probability density function) and

a bandwidth h in the following way:

n - e
3 9K, (x’b - x,.b)
i=1

n 9

> Ky (X'b — Xb)
i=1

The bandwidth is a smoothing parameter. The closer it is to zero,
the more estimation is performed on a local basis. The estimation
given in (3) exhibits an invariance property as it only depends
onb/h.

A suitable value of h can be derived from a cross-validation
method similar to that proposed in Hdrdle (1990) for the
Nadaraya-Watson kernel estimator. It is equal to

E(Y | X) = Ky (u) = K (5). (3)

argmin CV (b, h) = ;(Vi — E_i(Y))?, (4)

where E‘_,»(Y,-) is the leave-one-out estimator? defined by

S vk (xb—xp)  Tyk ((w—x) F)

~ i J#

E_i(Y) = o~ = —- (5)
ZKh (Xib - ij) ZK ((X,' — Xj) %)
J# j#

This estimation of the conditional expectation E(Y | X) is not
necessarily consistent since it is derived from a wrong link function
(fo instead of f). Two results on this issue are worth mentioning.

2 The individual for which the non parametric expectation is derived must
be withdrawn from the computation, otherwise the bandwidth would converge
towards zero in the minimization of the cross-validation criterion.

e On one hand, a consistent estimator of the conditional
expectation can be obtained from the cross-validation criterion
defined in (4) and (5). Replacing b by b in (4) defines a function
CV (b, h) which can be minimized with respect to b and h. The
optimal values of b and h are plugged into the expression for
the estimated conditional expectation given in (3). Sufficient
conditions for the consistency of the estimation are given in
Hirdle et al. (1993). However the minimization of the cross-
validation criterion is cumbersome, since it necessitates a
double sum on individuals, also, Eq. (5) shows that only b/h is
identified. Hence an identifying constraint needs to be added in
the estimation.

e On the other hand, the maximum likelihood estimation of a
parametric model given in the first place can lead to consistent
estimation of the conditional expectation under conditions
which are first related to the distribution of the regressor X
(see Li and Duan (1989), and the Appendix). Owing to the
identification issue mentioned above, consistency means that
b converges towards a limit by which belongs to the line R.

3. Kernel estimators for the variance of the random effect in a
Poisson model

Let us consider cross-section data. The policyholders in the
portfolio are indexed by i = 1,...,p. All the risk exposure
durations are supposed equal (they are equal to one year in our
empirical study). Frequency risk must be expressed for a time unit,
otherwise the results on the link investigated in this paper would
not be coherent with respect to period aggregation. We denote n;
as the number of claims reported by policyholder i, N; the related
random variable and x; as the vector of regression components. If
U; is the random effect, the distribution of N; in the Poisson model
with random effects is obtained from an expectation taken with
respect to the random effect U;

PIN; = ni] = E [Py, ()] Ai = exp(c + x;b);

A
P, (n) = exp(—k);.

If the equidistribution assumption of the random effects is relaxed,
we can link their variance and frequency risk and write for instance
V(U) = o’ (),

EWU) =1; A = E(N). (6)

The function o2 must have nonnegative values. We will investigate
a power link in Section 4 but we first let the data speak from a
nonparametric estimation of 2. The starting point is the usual
moment-based estimator

Vi < V) —EMD BN — EX(N) — EN)
' E2(Ny) E2(Ny)
The nonparametric link is then obtained with an index
model strategy described in Section 2. First, an estimation is

performed from the maximum likelihood estimation of the Poisson
model with regression components

(7)

N; ~ P(Aj), A;=exp(c +x;b).

For each policyholder i, we obtain the index s; = € + xﬁ; and
the parametric frequency premium EO(Ni) = exp(s;). Then the
variance of the random effect is estimated from Eq. (7) and from
nonparametric estimators E(N), m = 1, 2. These estimators are
derived from Eq. (3), with Y = N™, m = 1, 2. In what follows,
we retain a Gaussian kernel. Hence K is the density of a N(0, h?)
distribution. The bandwidth h,, retained for the estimation of
E(N") (m = 1,2) is obtained with the leave-one-out approach
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