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a b s t r a c t

Dynamic no-arbitrage affine term structure models (ATSMs) have become the standard framework for
monetary policy-makers to decompose long-term bond yields into expectations of future short-term
risk-free interest rates and the term premia that compensate investors in long-term bonds for risk.
This paper presents estimates of ATSMs for the UK and explores how much weight users of these models
can place on point estimates of term premia. Over much of the period since the early 1990s, broad move-
ments in estimated premia are robust across a wide range of reasonable specifications. But there is sub-
stantial model and parameter uncertainty associated with these models and estimates of the time-series
dynamics of yields may be biased in short samples. This model uncertainty is greater towards the end of
our sample period, when bond yields have been well below historically normal levels.

� 2016 The Bank of England. Published by Elsevier B.V. All rights reserved.

1. Introduction

Understanding movements in the term structure of government
bond yields is of considerable importance to financial market prac-
titioners and public policy-makers. Long-term bond yields reflect
both expectations of average future short-term interest rates and
a term premium - the additional expected return required by
investors in long-term bonds relative to rolling over a series of
short-term bonds. Both components provide useful information:
expected short rates reflect investors’ views about the outlook for
monetary policy, while the term premium reflects (among other
things) uncertainty around future short-term interest rates and
investors’ aversion to bearing risk. Unfortunately, however, the
two components cannot be observed separately.

The workhorse model used by central banks for decomposing
bond yields over the last decade has been the Gaussian no-arbitrage
essentially affine term structure model (ATSM) of Duffee (2002).

The long list of studies published by central bankersusing thesemod-
els includesKimandWright (2005) andAdrianetal. (2013) for theUS;
and Joyce et al. (2010) andGuimarães (2014) for theUK. In this paper,
we find that point estimates of UK term premia from a four-factor
ATSM estimated over the period October 1992 to December 2013
appear reasonable by a number of metrics. They are countercyclical
(consistent with findings by Bauer et al. (2012) for the US) and posi-
tively related to the uncertainty around future inflation (consistent
with findings byWright, 2011 for a panel of countries, including the
UK). The model matches the ‘linear projections of yields’ (LPY) speci-
fication tests proposed byDai and Singleton (2002). And broadmove-
ments in premia appear plausible: they fell in the late 1990s, which
may reflect improvements in the credibility of monetary policy and
an increased demand for the safety of government bonds following
the Asian crisis; they were relatively low through much of the
2000s, including the ‘Greenspan conundrum’ period; and they rose
sharply but temporarily during the financial crisis of 2008/09.

A general difficulty, however, is that estimation of ATSMs is
fraught with problems associated with weak identification and
computationally intensive optimization steps.2 This has two conse-
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quences. First, estimates of term premia from a single model have
wide confidence bounds; and second, the challenges associated with
estimating just a single model mean that establishing which proper-
ties of estimated term premia are robust across models has inevita-
bly proved somewhat challenging. An obvious question is therefore
just how much weight can policy-makers and other users place on
estimates of term premia obtained from these models? To address
this question, we apply the estimation approach proposed by
Adrian et al. (2013) (ACM henceforth), who split the estimation into
a series of linear regressions, which greatly reduces the time taken to
estimate the model.3

In some respects, estimates of term premia for the UK are extre-
mely robust. We highlight in particular that it makes little differ-
ence to estimates of term premia if we include additional
macroeconomic variables as unspanned factors, as proposed by
Joslin et al. (2014); if we extend the model to allow for a lower
bound on nominal interest rates, as suggested by Black (1995);
or if we vary the number of pricing factors between three and
six. There is nevertheless substantial model and parameter uncer-
tainty associated with estimating the time-series dynamics of term
premia, which suggests that we should be particularly cautious
about drawing strong inferences based on dynamic term structure
models at times when interest rates are a long way from normal
levels, as has been the case in recent years. We highlight two issues
in particular. First, as discussed by Bauer et al. (2012), OLS esti-
mates of the dynamics of the pricing factors driving yields will
be biased in small samples; and correcting for this small-sample
bias can have a substantial impact on estimated US term premia.
Encouragingly, we find that applying a similar bias correction to
the UK does not result in a materially different interpretation of
past movements in bond yields for the majority of our sample per-
iod. But estimates of term premia towards the end of the sample
from a bias-corrected version of the model are higher than from
our benchmark model. The bias correction increases the estimated
persistence of short-term interest rates, which means that it takes
substantially longer for model-implied expected short rates to rise
from the very low levels experienced since 2009; and with the
expected path of short rates lower, the term premium is corre-
spondingly higher.

Second, it is hard to estimate the persistence of yields precisely
given the sample of yields available. A popular approach for
improving the identification of dynamic term structure models is
to include additional information in the form of survey expecta-
tions of future short-term interest rates (first proposed by Kim
and Orphanides, 2012 and applied to UK data by Joyce et al.,
2010; Guimarães, 2014). We adapt the ACM method to allow the
inclusion of survey expectations of future short-term interest rates.
Encouragingly, we again find that the broad pattern of movements
in term premia from our ‘survey model’ is similar to that from our
benchmark model. In contrast to the bias-corrected model, how-
ever, the main difference is that term premia from the survey
model are slightly lower towards the end of the sample.

In the face of this model uncertainty, what practical advice can
we offer policy-makers and others users of these models when
seeking to estimate term premia for the UK? While it may be
tempting to prefer a model in which the time-series dynamics have

been bias-corrected, there are reasons to be cautious about this. In
particular, the bias-corrected model performs relatively poorly
against the Dai and Singleton (2002) LPY specification tests and
the model-implied path of expected short rates towards the end
of the sample is extremely low – perhaps implausibly so. There
are also reasons to be cautious about the potential gains from
including surveys in the model for the UK, since this also results
in substantially inferior performance against the Dai and
Singleton (2002) LPY specification tests. One possible explanation
may be that UK interest rate survey expectations are only available
for relatively short forecast horizons, so may be less informative
about the persistence of interest rates than in the US.

The remainder of this paper is organized as follows. Section 2
sets out the standard no-arbitrage ATSM and the estimation tech-
nique of ACM. Section 3 introduces the data set and discusses the
estimates of term premia from our benchmark model. Section 4
discusses the most important sources of uncertainty in estimates
of UK term premia, related to the difficulty in specifying and pre-
cisely estimating the time-series dynamics of bond yields. Section 5
evaluates the robustness of term premium estimates to the inclu-
sion of unspanned macroeconomic factors (as proposed by Joslin
et al., 2014) and to the imposition of a zero lower bound on nom-
inal interest rates. Section 6 concludes. The appendices to the
paper provide a number of additional robustness checks.

2. Gaussian affine term structure models

2.1. Excess returns

This section sets out the key equations of a standard Gaussian
ATSM, following the exposition from ACM. A K � 1 vector of pricing
factors, xt , evolves according to a Gaussian VAR(1):

xtþ1 ¼ lþUxt þ vtþ1; ð1Þ
where the shocks vtþ1 � N 0;Rð Þ are conditionally Gaussian,
homoskedastic and independent across time. We denote the time-
t price of a zero-coupon bond with a maturity of n by PðnÞ

t . The
assumption of no-arbitrage implies the existence of a pricing kernel
Mtþ1 such that

PðnÞ
t ¼ Et Mtþ1P

ðn�1Þ
tþ1

h i
: ð2Þ

The pricing kernel is assumed to be exponentially affine in the
factors:

Mtþ1 ¼ exp �rt � 1
2
k0
tkt � k0

tR
�1=2vtþ1

� �
; ð3Þ

where rt ¼ � ln Pð1Þ
t denotes the continuously compounded one-

period risk-free rate, which is affine in the factors:

rt ¼ d0 þ d01xt ; ð4Þ
and the market prices of risk (kt) are affine in the factors, as in
Duffee (2002):

kt ¼ R�1=2ðk0 þ k1xtÞ: ð5Þ
The log excess one-period holding return of a bond maturing in n
periods is defined as

rxðn�1Þ
tþ1 ¼ ln Pðn�1Þ

tþ1 � ln PðnÞ
t � rt: ð6Þ

Using (3) and (6) in (2), ACM show that

Et exp rxðn�1Þ
tþ1 � 1

2
k0
tkt � k0

tR
�1=2vtþ1

� �� �
¼ 1; ð7Þ

and, under the assumption of joint normality of rxn�1
tþ1 ;vtþ1

� �
, they

demonstrate that

3 A number of other studies have applied multi-step methods to reduce the
numerical challenges associated with the estimation of ATSMs. Examples include
Moench (2008), Joslin et al. (2011), Kaminska (2013) and Andreasen and Meldrum
(2015a). All of these methods involve some non-linear optimization, which ACM
avoid entirely because they do not impose the no-arbitrage restrictions inside the
estimation procedure. They show, however, that the factor loadings implied by their
approach satisfy these restrictions to a high degree of precision. In Appendix A we
show that our benchmark estimates of term premia are almost identical to those
obtained using more standard maximum likelihood techniques to estimate the cross-
sectional dynamics of the yield curve while also imposing no-arbitrage.
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