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a b s t r a c t

It is well documented that stock markets are contagious. A negative shock to one market increases the
probability of adverse shocks to other markets. We model this contagion effect by including mutually
exciting jump processes in the dynamics of the indexes’ log-returns. On top of this we add a stochastic
volatility component to the dynamics. It is important to take the contagion effect into account if deriva-
tives written on a basket of assets are to be priced or hedged. Due to the affine model specification the
joint characteristic function of the log-returns is known analytically, and for two specifications we detail
how the model can be calibrated efficiently to option prices. In total we calibrate over an extended period
of time the specifications to options data on four US stock indexes, and show how the models achieve
satisfactory pricing errors. We study the effect of contagion on multi-asset derivatives prices and show
how for certain derivatives the impact is heavy. Moreover, we derive hedge ratios for European put
and call options and perform a numerical experiment, which illustrates the impact of contagious jumps
on option prices and hedge ratios. Mutually exciting processes have been analyzed for multivariate inten-
sity modeling for the purpose of credit derivatives pricing, but have not been used for pricing/hedging
options on equity indexes.

� 2016 Elsevier B.V. All rights reserved.

1. Introduction

It is well documented that stock markets are contagious. Mar-
kets are heavily interlinked, and losses spread across them. More-
over, financial contagion is magnified as fears of adverse market
shocks tend to spread among investors, resulting in panic behavior.
Hence, a negative shock to one market increases the probability of
negative shocks to other markets, see Aït-Sahalia et al. (2015) and
references therein for empirical documentation. We model this
contagion effect by including mutually exciting jump processes
in the dynamics of the indexes’ log-returns, so that a jump in one
market increases the intensities of more jumps in the same market
and in other markets. Between jumps, the intensities revert to their
long-run means. Clustering of jumps can also be achieved by for
instance, letting the jump process be specified as a doubly stochas-
tic Poisson process with stochastic intensity. However, this
approach will not capture the direct feedback effect that jumps
have on the probability of more jumps occurring. On top of this,
we add a stochastic volatility component to the dynamics in order
to introduce more flexibility in the return distribution. In a recent
empirical study, Aït-Sahalia et al. (2015) show that a model of this

type captures the observed joint evolution of equity index returns
from different regions of the world.

Fig. 1 depicts an example of successive negative log-returns of
the indexes Amex Biotechnology Index (BTK), the Morgan Stanley
Technology index (MSH), the Securities Broker/Dealer index
(XBD), and the Natural Gas index (XNG) over the period from Tues-
day, November 4 to Monday, November 10, 2008. On Tuesday the
XBD index and to a lesser degree the MSH index experienced a big
drop in value, which was followed by additional drops in both
indexes together with the XNG index on Wednesday. On Thursday
all four indexes rebounced a bit with returns around 2%. Then on
Friday the XBD index fell more than 8%, followed by significant
decreases in all four indexes in the beginning of the next week.
The model proposed in this paper is well-suited for modeling
occurrences like this.

Multi-asset derivatives such as spread and correlation options
are traded frequently over-the-counter and on exchanges, and it
is important to take the contagion effect into account if they are
to be priced or hedged (Fry-McKibbin et al., 2014). Structured
products containing basket options are both traded on exchanges
(Wallmeier and Diethelm, 2012) and also marketed to private
investors (Jørgensen et al., 2011).

Multivariate jumpand stochastic volatilitymodels have been pro-
posed in the academic literature, in e.g. Leoni and Schoutens (2008),
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Gouriéroux et al. (2009), Luciano and Semeraro (2010), and
Madan (2011) etc., but none of these are able to model contagious
links between different indexes. Self-exciting jump processes were
first introduced by Hawkes (1971) and have therefore also been
given the name Hawkes processes. Hawkes processes have been
applied in a number of different contexts, e.g. to model contagious
diseases in epidemiology, earthquake occurrences, and in genome
analysis etc. (see footNote 4 in Aït-Sahalia et al. (2015) for refer-
ences). In a financial context, mutually exciting processes have
been analyzed for multivariate intensity modeling for the purpose
of credit modeling in Errais et al., 2010; Aıt-Sahalia et al., 2014, for
optimal portfolio selection in Aït-Sahalia and Hurd (2015), and in
market microstructure to model transaction times and price
changes jointly at high frequency in Bowsher (2007), but have
not been used for pricing/hedging options on equity indexes.

Due to the affine model specification, the joint characteristic
function of the log-returns is known analytically (Duffie et al.,
2000), and for two specifications we detail how the model can be
calibrated efficiently to option prices using Fourier transform
methods. In total, we calibrate the specifications to single name
NASDAQ options data, across strikes and maturities, for the four
sector indexes BTK, the MSH, the XBD, and the XNG and investigate
their pricing performances over an extended period of time. Prefer-
ably, one should also add multi-asset derivatives to the calibration
instruments, when calibrating a multivariate model, but due to
lack of data we have not been able to do this. In order to reduce
computational time, the calibration is performed in two steps.
First, the parameters of the mutually exciting processes are cali-
brated for the indexes simultaneously to a subset of the options
data. Second, the stochastic volatility dynamics are calibrated to
the whole option surface on each index independently. In general,
we find that the two considered multivariate contagion specifica-
tions are able to fit the four options markets comparable to the
individually calibrated Heston dynamics in most of the maturity/
strike spectra of the implied volatility surface.

Moreover, we study the impact of the contagion on the prices of
multi-asset derivatives such as spread, correlation and basket
options, and find it to have a heavy impact on correlation and bas-
ket option prices, while the spread option is less sensitive to the
level of contagion.

Finally, we derive the model hedge ratios for European put and
call options and study their historical performances in the hedging
of European single-name options. Additionally, we perform a
numerical study where we analyze the impact of the contagion
on option prices and hedge ratios.

The rest of the paper is structured as follows: Section 2 defines
an affine jump-diffusive process, introduces the model specifica-
tions and derives the characteristic function of the log-return pro-
cesses. Furthermore, we consider two parametric examples. In
Section 3 the two specifications are implemented on options data.
Section 4 summarizes how knowledge of the characteristic func-
tion for the joint return process can be utilized for the pricing of
spread and correlation options using Fourier transform methods,
and the impact of the contagion parameters on multivariate option
prices is studied. The hedging of European options are studied in
Section 5 and finally Section 6 concludes.

2. Contagion modeling

Consider a filtered probability space X;F ; F tf gtP0;Q
� �

, where
F tf gtP0 is a right-continuous and complete filtration representing
the history of the arbitrage-free markets. Assume that the m asset
processes S1; . . . ; Sm are adapted to F tf gtP0 and that Q is a pricing
measure. We will assume the instantaneous interest rate rt and
dividend yields qi

ts deterministic. We start this section by describ-
ing the general affine jump-diffusive setup before introducing the
model specifications of the paper.

2.1. Affine jump-diffusions

Since the affine jump-diffusion model framework embeds all
the models studied in this paper we start by detailing it here. A
jump process is called affine if its arrival intensity is an affine func-
tion of an affine jump-diffusion with jump sizes drawn from a fixed
distribution (see Duffie et al., 2000). A d-dimensioned Markovian
process Y is an affine jump-diffusion if it solves

dYt ¼ l Yt ; tð Þdt þ r Yt; tð ÞdWt þ
Xm
i¼1

fidJit; ð1Þ

where W is a d-dimensional Wiener process and each Ji is a
d-dimensional pure jump process whose component processes
jump simultaneously with common intensity ki and fixed jump size
distribution Fi. For i ¼ 1; . . . ;m; fi 2 Rd�d the coefficients have the
form

l y;tð Þ¼K0ðtÞþK1ðtÞy; K0ðtÞ 2Rd; K1ðtÞ 2Rd�d

rðy; tÞrðy;tÞ>� �
jk ¼ H0ð ÞjkðtÞþ H1ð ÞjkðtÞ �y; H0ðtÞ 2Rd�d; H1ðtÞ 2Rd�d�d
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Fig. 1. Historical log-returns of the four indexes: BTK, MSH, XBD, and XNG over the week from November 4–10, 2008.
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