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a b s t r a c t

In production theory, firm efficiencies are measured by their distances to a production frontier. In the
presence of heterogeneous conditions (like environmental factors) that may influence the shape and the
position of the frontier, traditional measures of efficiency obtained in the space of inputs/outputs are dif-
ficult to interpret, since theymixmanagerial inefficiency and shift of the frontier. This can be corrected by
using nonparametric conditional efficiencies. In this paper we extend these concepts in the case where
the heterogeneity is not observed. We propose a model where the heterogeneity variable is linked to
a particular input (or output). It is defined as the part of the input (or the output), independent from
some instrumental variable through a nonseparable nonparametric model. We discuss endogeneity is-
sues involved in this model. We show that the model is identified and analyze the asymptotic properties
of proposed nonparametric estimators. When using FDH estimators we achieve a limiting Weibull dis-
tribution, whereas when using the robust order-m estimators we obtain the asymptotic normality. The
method is illustratedwith some simulated and real data examples. AMonte-Carlo experiment shows how
the procedure works for finite samples.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

In production theory and efficiency analysis, the technical effi-
ciency of a production unit (a firm) is measured by an appropriate
distance of this unit to the production frontier, which is the geo-
metrical locus of optimal combinations of the inputs and outputs
in the set of attainable production plans (the production set). The
economic theory underlying this analysis dates back to the works
of Koopmans (1951), Debreu (1951) and Farrell (1957). The first
empirical analysis where the production set, its boundary and the
resulting efficiency are estimated from a sample of observed units
is due to Farrell (1957).

Parametricmodels have beenused in the econometric literature
starting from theworks of Aigner and Chu (1968) or Greene (1980)
for parametric deterministic frontier models and of Aigner et al.
(1977), Meeusen and Van den Broek (1977) using stochastic fron-
tier models (see Kumbhakar and Lovell, 2000 and the references
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therein for a nice overview). Nonparametric approaches have been
developed after the pioneeringwork of Farrell (1957)with the DEA
estimator, popularized by Charnes et al. (1978) and the FDH esti-
mator of Deprins et al. (1984). These nonparametric approaches
are based on envelopment techniques in the space of inputs and
outputs and so are sensitive to outliers and extreme points in the
cloud of observed points. Robust alternatives have been proposed
in Cazals et al. (2002), Aragon et al. (2005) and Daouia and Simar
(2007) using partial frontiers (order-m and order-α quantile fron-
tiers). Today, these nonparametric estimators have been analyzed
from a statistical point of view and inference on efficiency esti-
mates is available, mainly by using bootstrap techniques. These
nonparametric techniques have been adapted to stochastic fron-
tier models, such as the semi parametric model of Fan et al. (1996)
and recently Kneip et al. (2015) (see the recent survey Simar and
Wilson, in press for details, and the references therein).

It is now recognized that in the presence of heterogeneous con-
ditions (environmental factors, . . . ) that are not under the control of
the producer but that may affect the frontier level, the traditional
measures based only on inputs and outputs are difficult to inter-
pret, because the units are benchmarked against a frontier level
that may not be attainable under their environmental conditions
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(see Simar and Wilson, 2007, 2011, for a detailed discussion).1 In
a sense, these traditional measures combine information on the
managerial inefficiency and on the shift of the frontier. A solution
to this problem is to use attainable sets and frontier levels that
may depend on these heterogeneous conditions: this is the idea
of defining conditional efficiency scores, initiated by Cazals et al.
(2002) and extended in Daraio and Simar (2005). Here too the sta-
tistical properties of these estimators and their robust versions,
have been established (in Cazals et al., 2002; Daouia and Simar,
2007; Jeong et al., 2010). As explained in detail in e.g. Daraio and
Simar (2005, 2007) and Bădin et al. (2012), the comparison of con-
ditional and unconditional efficiency measures allows to capture
the effect of the environmental variable on the shift of the frontier.2

So far, these conditional approaches are based on the assump-
tion that these heterogeneous conditions are known and observed.
However, this may not be the case. We may infer that some latent
factors influence the production process and in particular the set
of attainable combinations of inputs and outputs. The objective of
our paper is to propose a model where we may have unobserved
heterogeneity. In this paper we propose one approach that allows
to identify and estimate this latent variable. This will be achieved
through a model where the heterogeneity variable is linked to a
particular input (or an output). It is defined as the part of the in-
put (or the output), independent from some instrumental variable
through a nonseparable nonparametricmodel. Thismodel involves
endogeneity issues that will be discussed. Under usual regularity
assumptions, we show that the model is identified, we propose
a nonparametric estimator and analyze its asymptotic properties.
To the best of our knowledge we are not aware of existing results
for handling latent or unobserved heterogeneity in nonparametric
frontier models.

The paper is organized as follows. Section 2 summarizes the ba-
sic notations and concepts of conditional efficiency measures, and
gives the basic model for introducing unobserved heterogeneity in
the production process. It also gives the natural nonparametric es-
timators of the elements of the model and investigates the links
with the endogeneity issue. Then, Section 3 establishes the asymp-
totic properties of our estimators. Section 4 gives a few simple
illustrative examples with simulated and real data, and Section 5
indicates how the procedure works for finite samples through a
limited Monte-Carlo experiment. Finally, Section 6 contains some
conclusions and ideas for future research, AppendixAgives an orig-
inal way to derive optimal bandwidths for estimating conditional
efficiencies sharing monotonicity properties, and Appendix B con-
tains the proofs of the asymptotic results.

2. The model

2.1. Conditional efficiency scores

We first summarize the existing tools for handling the presence
of observable heterogeneous (or environmental) factors Z ∈ Z ⊆

Rd in a production process where inputs X ∈ Rp
+ are used to pro-

duce the output Y ∈ R+.3 The production set is the set of techni-
cally possible combinations of inputs and output. In the presence

1 We do not consider situations where the firms choose their environmental
conditions or control them, which is a different story.
2 It should be noted that Banker andMorey (1986) and Ruggiero (1996) have ear-

lier considered environmental factors in DEA, modeling them as non-discretionary
inputs. The use of this appealing approach is limited by some restrictions: (i) the
direction of the effect has to be known in advance (favorable or not favorable to effi-
ciency), (ii) the direction of the effect has to be monotone, (iii) these variables must
satisfy free disposability and convexity assumptions, like the other inputs–outputs
3 We will do the presentation in an output orientation where firms try to reach

the maximal possible output for a given level of inputs. The same could be done in
an input orientation where the firms try to reduce their input (cost) X ∈ R+ for a
given level of their outputs Y ∈ Rq

+ .

of environmental factors, when Z = z this is defined as

Ψ (z) = {(x, y) ∈ Rp
+ × R+ | x can produce y, when Z = z}. (2.1)

This set is the support of the joint random variable (X, Y ), condi-
tionally on Z = z. The marginal support of the variables (X, Y ) is
given by

Ψ = {(x, y) ∈ Rp
+ × R+ | x can produce y} =


z∈Z

Ψ (z). (2.2)

It is the support of the joint marginal distribution of (X, Y ). The
‘‘separability condition’’ described in Simar and Wilson (2007,
2011) is the assumption that Ψ (z) = Ψ for all z ∈ Z. The tradi-
tional Farrell–Debreu efficiency score for a firm operating at level
(x, y) is defined by the distance in the output direction to the upper
boundary of Ψ , and it is given by

λ(x, y) = sup{λ | (x, λy) ∈ Ψ }. (2.3)
The separability assumption is a strong assumption, and if it is not
fulfilled, the efficiency score λ(x, y) is more difficult to interpret
since the frontier may not be reachable for the firm facing the en-
vironmental conditions z. The same is obviously true for their non-
parametric DEA or FDH estimators. Ignoring this factor creates in
addition endogeneity issues that are discussed below; we will see
that the ‘‘separability condition’’ can be interpreted as partial exo-
geneity having less severe consequences.

To overcome these difficulties, Cazals et al. (2002) and Daraio
and Simar (2005) introduce the concept of conditional frontier and
of conditional efficiency score for a unit operating at the level (x, y)
and facing conditions z. It is defined as

λ(x, y|z) = sup{λ > 0 | (x, λy) ∈ Ψ (z)}, (2.4)

where the production process is described by the conditional
distribution of (X, Y ) given Z = z. It is convenient to characterize
this distribution by the probability of being dominated4:

HX,Y |Z (x, y|Z = z) = P(X ≤ x, Y ≥ y|Z = z)

= SY |X,Z (y|X ≤ x, Z = z)FX |Z (x|Z = z), (2.5)

where SY |X,Z denotes a survival function and FX |Z a cumulative
distribution function; we note also the nonstandard conditioning
on X (X ≤ x) and the usual conditioning Z = z for the
environmental variables. Under the free disposability assumption,5
the output conditional score (see e.g. Daraio and Simar, 2005), can
also be defined for all x such that FX |Z (x|Z = z) > 0 as

λ(x, y|z) = sup{λ > 0 | HXY |Z (x, λy|Z = z) > 0} (2.6)

= sup{λ > 0 | SY |X,Z (λy|X ≤ x, Z = z) > 0}. (2.7)
Nonparametric estimators are obtained by plugging-in empirical
versions of the probabilities appearing on the right hand side of
these equations. The conditioning on Z = z requires the use of
smoothing techniques and the derivation of the optimal band-
width for Z .

In our particular setupwhere Y is univariate, the frontier can be
described by a conditional production function:

φ(x, z) = sup{y | FY |X,Z (y|X ≤ x, Z = z) < 1}, (2.8)

since for univariate y, FY |X,Z (y|X ≤ x, Z = z) = 1 − SY |X,Z (y|X ≤

x, Z = z). Similarly, the output conditional efficiency score can be
defined as

λ(x, y|z) = sup{λ > 0 | FY |X,Z (λy|X ≤ x, Z = z) < 1}, (2.9)
where for univariate Y , it is obvious that φ(x, z) = λ(x, y|z) y.

4 Here and in the sequel, inequalities on vectors should be understood
component by component.
5 The free disposability assumptionmeans that if (x, y) is achievable, then (x̃, ỹ) is

also achievable once (x̃− x, y− ỹ) ≥ 0. It is technically possible to waste resources.
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