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We develop inference theory for models involving possibly nonlinear transforms of the elements of
the spot covariance matrix of a multivariate continuous-time process observed at high frequency. The
framework can be used to study the relationship among the elements of the latent spot covariance matrix
and processes defined on the basis of it such as systematic and idiosyncratic variances, factor betas and
correlations on a fixed interval of time. The estimation is based on matching model-implied moment
conditions under the occupation measure induced by the spot covariance process. We prove consistency
and asymptotic mixed normality of our estimator of the (random) coefficients in the volatility model
and further develop model specification tests. We apply our inference methods to study variance and
correlation risks in nine sector portfolios comprising the S&P 500 index. We document sector-specific
variance risks in addition to that of the market and time-varying heterogeneous correlation risk among

the market-neutral components of the sector portfolio returns.
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1. Introduction

Economic models often place exact restrictions across the real-
izations of a set of random variables. One case in point is an affine
term structure model for bond prices that constrains all bond yields
to lie along a very low dimensional manifold; see, for example, Sin-
gleton (2006) and citations therein. More generally, factor models
specify the pricing kernel as a function of a low-dimensional fac-
tor process. Combining this structure with a model for aggregate
asset payoffs implies low-dimensional factor structure for the con-
ditional distribution, and thereby the first and second conditional
moments, of asset returns and derivative prices.

In a broad sense, dimension reduction is also often imposed for
the purposes of parsimony in modeling high-dimensional objects
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so as to mitigate the statistical and/or computational complexity
of econometric models. One example is the use of diffusion in-
dex in macroeconomic forecasting (see Stock and Watson (2002)
and references therein). Other examples arise in models of the
stochastic covariance matrix of a multivariate process, where
dimension-reduction restrictions may take the form of time-
invariant correlations (Bollerslev (1990)) or equal stochastic cor-
relations among multiple time series (Engle and Kelly (2012)).
Similar strategies have also been used in moderately high-
dimensional models for nonlinear dependence, such as copula
models (Oh and Patton (2013)).

The primary focus of this paper is the estimation and testing for
such model restrictions among the elements of the spot covariance
matrix of a multivariate process of asset returns. The estimation is
based on high-frequency (intraday) observations of a multivariate
It6 semimartingale process on a fixed time interval with mesh
of the observation grid shrinking to zero. For this process, we
are interested in estimating and testing pathwise models that
impose time-invariant (over the observation interval) relations
among possibly nonlinear transforms (e.g. beta, correlation and
idiosyncratic variance) of the spot covariance matrix.

The statistical uncertainty in our setting arises from the fact
that the spot covariance matrix is not directly observed and needs
to be estimated, or “measured”, from the discrete observations.
The measurement error makes the functional relationship among
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latent risks hold only approximately for their estimated counter-
parts. Nevertheless, as the sampling frequency increases, the error
vanishes asymptotically, so that we can uncover and rigorously test
model restrictions for the latent risks. To the best of our knowl-
edge, our test is the first general method for testing such model
restrictions in the high-frequency setting, while allowing for gen-
eral forms of nonstationarity and dependence in the data.

In the first part of our theoretical analysis, we consider estima-
tion based on forming moment conditions under the covariance
occupation measure which are implied by our pathwise volatility
model. We then construct sample analogues of these moment con-
ditions by plugging in local nonparametric estimators of volatil-
ity formed over blocks of high-frequency price increments with
asymptotically decreasing length of each of the blocks. This is sim-
ilar to Jacod and Rosenbaum (2013) who use block volatility es-
timates to construct estimators for integrated nonlinear functions
of volatility. Finally, we weight the moment conditions using a fea-
sible weight matrix and form a quadratic-form objective function
that our estimator minimizes. We derive the limit behavior of our
estimator not only in the case when the model is correctly specified
but also in the case of model misspecification, and further provide
feasible estimates for the standard errors of the parameters in the
model.

Our estimator of the parameters of the volatility model can be
viewed as an analogue to the classical minimum distance type
estimators with several important differences. First, the moment
conditions in our case are formed under the occupation measure
and, hence, they hold for the observed path but not necessarily
for the invariant distribution of the volatility process; indeed, the
invariant distribution is not even required to exist. The strategy
of framing inference procedures in terms of moments under the
occupation measure opens the possibility of systematically rein-
carnating many classical moment-based econometric procedures
(e.g. Hansen (1982)), which are framed under the probability mea-
sure, for conducting inference for multivariate volatility models.
Second, the asymptotic behavior of the estimator is equivalent to
that generated by observing the moment condition with the true
value of the spot covariance matrix plus a Gaussian martingale
defined on an extension of the original probability space. This
Gaussian martingale has quadratic variation that is adapted to the
original filtration and shrinks asymptotically at order A,, where
A, is the length of the high-frequency interval. Our estimation
problem is thus similar to the problem of estimating a signal with
asymptotically shrinking Gaussian noise, see, for example, section
VIL.4 in Ibragimov and Has'minskii (1981). Third, the limit law of
our estimator is mixed Gaussian which means that the precision of
estimation will typically vary depending on the particular realiza-
tion.

The second, and perhaps more important, part of our analysis
is specification testing for the pathwise volatility model. Since
the model holds almost everywhere in time over the fixed time
interval, designing a test based on the distance from zero of the
model-based moment conditions under the covariance occupation
measure is not sufficient. The reason is fairly intuitive: the
covariance occupation measure does not preserve the information
about the value of the spot covariance matrix at a particular
point in time. For this reason, we introduce the concept of
the weighted covariance occupation measure which, unlike the
original occupation measure, allows to weigh differently the values
of the spot covariance matrix at different points in time. We
derive an empirical-process-type theory for an estimator of the
weighted occupation measure. We use the latter to design a
specification test for our pathwise volatility model by comparing
the distance from zero of a set of moment conditions under a
family of weighted occupation measures. We show that if the

family of weight functions is chosen appropriately, our test statistic
produces an asymptotically valid test.

Finally, we apply our inference theory to study the stochastic
covariance structure on the industry level using S&P 500 sector
index exchange-traded funds (ETFs). We specify and test models
for the spot covariance matrix of the components of the industry
returns that are orthogonal to the market portfolio. Our results
show that not all variations in the stochastic variances of the
industry portfolios can be accounted for by their sensitivity to
market returns and the market variance. Some sectors like the
Financials and Energy have independent sources of variance shocks
in addition to that of the market. We further document nontrivial
temporal variation in correlation in the market-neutral industry
portfolio returns with nontrivial cross-sectional differences. The
temporal variation in the market-neutral industry portfolio
correlations suggests the presence of additional factors in the
industry portfolio returns to span their risks.

The inference methods developed in the current paper are
related with several strands of literature. First, our work is closely
related to the literature on volatility estimation using high-
frequency data. Early work mainly focuses on the estimation of
the integrated variance (Barndorff-Nielsen and Shephard (2002)
and Andersen et al. (2003)) and covariance (Barndorff-Nielsen
and Shephard (2004b)), which can be considered as the mean of
the covariance occupation measure. The estimation of nonlinear
transforms of the volatility has been considered by Barndorff-
Nielsen et al. (2005), Jacod (2008), Mykland and Zhang (2009),
Todorov and Tauchen (2012), Jacod and Rosenbaum (2013), Li
et al. (2013), Kalnina and Xiu (2014) and Ait-Sahalia and Xiu
(2015) among others. Similar to Jacod and Rosenbaum (2013)
our estimation is based on local estimates of volatility, which
are local versions of the truncated variation of Mancini (2001),
over blocks of decreasing length. Unlike the above cited literature
on the estimation of volatility functionals, our focus here is on
the estimation and specification of pathwise models for the spot
covariance matrix. On the technical level, this requires a derivation
of empirical-process-type limit results for a family of weighted
covariance measures which is new.! Second, in Li et al. (2013)
we advocate the volatility occupation measure as a unifying
framework for high-frequency based volatility estimation, but in Li
et al. (2013) we focus only on the estimation of the volatility
occupation time in a univariate setting, without weighting the
observations, and importantly without deriving feasible central
limit theorems. Third, our inference can be compared with
the literature on estimating parametric volatility models using
realized measures under joint in-fill and long span asymptotics,
see, for example, Bollerslev and Zhou (2002), Barndorff-Nielsen
and Shephard (2002), Corradi and Distaso (2006), Todorov (2009)
and Todorov and Tauchen (2012). Unlike our setup here, the
estimation in these papers is always parametric (at least about
the stochastic volatility part of the observed process) and relies
crucially on the error due to the discrete sampling being dominated
by the empirical process type error due to time aggregation. In
contrast, our estimation here is performed on a fixed span and does
not involve full parametric specification of the volatility process.
The pathwise volatility models of interest here hold for whole
families of parametric models. The fixed span setting also allows us
to accommodate general forms of nonstationarity and dependence
in the data.

1 In a concurrent work, Li and Xiu (2015) study regression-type problems for
noisy semimartingales using the stochastic variance as an explanatory variable in
conditional moment equality models that arise from derivative pricing and market
microstructure models. In contrast, the current paper focuses on the stochastic
covariance matrix itself and conducts inference for pathwise restrictions on its
behavior.
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