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a b s t r a c t

This paper examines a Tobit model with spatial autoregressive interactions. We consider the maximum
likelihood estimation for this model and analyze asymptotic properties of the estimator based on the
spatial near-epoch dependence of the dependent variable process generated from the model structure.
We show that the maximum likelihood estimator is consistent and asymptotically normally distributed.
Monte Carlo experiments are performed to verify finite sample properties of the estimator.
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1. Introduction

The spatial autoregressive (SAR)model, Yn = λWnYn+Xnβ+ϵn,
has been extensively studied in spatial econometrics. Most of the
early studies are summarized in Anselin (1988) and LeSage and
Pace (2009). The two-stage least squares estimation is explored in
Kelejian and Prucha (1998, 1999), while the generalizedmethod of
moments is studied in Lee (2007). The large sample properties of
quasi-maximum likelihood estimation is considered in Lee (2004).

In recent years, there has been growing interest in nonlinear
SAR models, as linear models cannot fully capture the charac-
teristics of some types of data, such as censored or binary data.
Jenish (2012) studies the nonparametric estimation of spatial near-
epoch dependent (NED) random fields. An SAR model with a non-
linear transformation of the dependent variable is considered in Xu
and Lee (2015). The smoothed maximum score estimation of bi-
nary choice panel models with spatial autoregressive errors can
be found in Lei (2013). Qu and Lee (2015) investigate the estima-
tion of an SAR model with an endogenous spatial weights matrix.
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To study nonlinear SAR models and extend asymptotic properties
of extreme estimators of nonlinear models with serial correlation
(e.g. Gallant and White, 1988) to spatial correlation, some laws of
large numbers (LLN) and central limit theorems (CLT) are needed.
Jenish and Prucha (2009, 2012) have made fundamental contribu-
tions in this area by establishing LLN and CLT for spatialmixing and
NED random fields.

In the microeconometric literature, the Tobit model has been
widely studied since Tobin (1958) and Amemiya (1973). Some
asymptotic properties of the maximum likelihood estimator
(MLE) of the Tobit model are summarized in Amemiya (1985).
Recently, an increasing number of studies have introduced spatial
correlation into Tobit models. Some studies (e.g. Flores-Lagunes
and Schnier, 2012) consider estimation or suggest tests of the
spatial error Tobitmodel, but herewe only review the literature on
spatial autoregressive Tobit (SAR Tobit) models. In the literature,
there are two types of SAR Tobit models (Qu and Lee, 2012): the
simultaneous SAR Tobit model (yi,n = max(0, λ0

n
j=1wij,nyj,n +

xi,nβ0 + ϵi,n)), and the latent SAR Tobit model (yi,n = max(0, y∗

i,n),
where y∗

i,n = λ0
n

j=1wij,ny∗

j,n + xi,nβ0 + ϵi,n). The different
interpretations for these two models are given in Qu and Lee
(2012). So far, most studies have focused on the second type.
LeSage (2000) and LeSage and Pace (2009) consider the Bayesian
estimation of the latent SAR Tobitmodel.Marsh andMittelhammer
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(2004) study the performance of the generalized maximum
entropy estimation of the SAR and the latent SAR Tobit models
with Monte Carlo simulations. Testing of the existence of spatial
correlation in the latent SAR Tobit model is carried out in Amaral
and Anselin (2011) and Qu and Lee (2012). Donfouet et al. (2012)
apply the latent SAR Tobit model to examine community-based
health insurance using Bayesian estimation.

Compared to the latent SAR Tobit model, there are even fewer
studies on the simultaneous SAR Tobit model. Autant-Bernard and
LeSage (2011) consider the Bayesian estimation of this model and
apply it to study knowledge spillovers. Qu and Lee (2012, 2013)
examine the existence of spatial correlation in the simultaneous
SAR Tobit model. To the best of our knowledge, there have been no
formal studies on asymptotic properties of estimators of the simul-
taneous SAR Tobit model (we will call it SAR Tobit model for short,
since we do not study the latent one). In this paper, we first show
theNEDproperties of important variables generated by thismodel.
Next, we establish the consistency and asymptotic normality of the
MLE via the LLN and CLT developed in Jenish and Prucha (2012).

The structure of this paper is as follows: In Section 2, we in-
troduce the SAR Tobit model and discuss its model coherency. In
Section 3, we derive NED properties of the dependent variable and
someother relevant functions of randomvariables. In Section 4, the
identification of the SAR Tobitmodel and the consistency of itsMLE
are discussed. In Section 5, we establish the asymptotic normality
of the estimator. In Section 6,we study finite sample properties and
the robustness of the estimator usingMonte Carlo experiments. All
of the proofs for propositions and theorems are presented in the
Appendices.

2. The spatial autoregressive Tobit model

The SAR Tobit model is motivated by two branches of litera-
ture in economics. One branch is concerned with peer effects from
an exogenous social network. In such studies, each player chooses
his/her effort, which is usually assumed to be nonnegative, and
the Nash Equilibrium is exactly our model. See the detailed discus-
sion below Eq. (2). The other branch is concerned with economet-
rics studies where a significant fraction of nonnegative data can
be zero. Our model captures both features with a perfect informa-
tion game framework in which an individual maximizes utility by
choosing effort subject to a nonnegative constraint. A few empiri-
cal studies in the existing literature might appropriately be imple-
mented by our model: (1) Rupasingha et al. (2004) investigate the
environmental Kuznets curve for US counties. In the data set, facil-
ities do not need to report to relevant environmental agents when
they manufacture or process less than 25,000 pounds of a listed
chemical during a year. Some counties do not have firms that indi-
viduallymeet these criteria. Thus, the pollutant data of these coun-
ties are censored. (2) Direct agriculture disaster payment relief for
different states inUS is studied inMarsh andMittelhammer (2004),
where some states do not receive any such payment (in certain
years) and some spatial correlation exists. (3) LeSage (2009) exam-
ines origin–destination (OD) commuting flows from 60 districts in
Toulouse, France. About 15% of the 3600 OD flows have zero val-
ues. (4) As is pointed out in Donfouet et al. (2012), community-
based health insurance (CBHI) has increasing demand in rural
areas in developing countries and households are more likely to
pay for CBHI if other households in the same village are willing to
do so. However, some households do not pay for the CBHI. (5) Spa-
tial correlation among school district income tax rates in various
school districts in Iowa is examined in Qu and Lee (2012, 2013).1

1 We complete their studies with the asymptotic normality and variance of the
MLE, presented in a supplementary online file (see Appendix C).

Let {(yi,n, xi,n)}ni=1, where yi,n is censored such that yi,n > 0 and
xi,n ∈ RK , be the sample we observe. We denote the position of in-
dividual (spatial unit) i as si ∈ Rd, a point in the d-dimensional Eu-
clidean space. For simplicity of notation, we also use i to represent
si. As there are interactions among different individuals, we use an
n×nmatrixWn = (wij,n) to represent their relative strength of di-
rect interactions. If there is a potential direct interaction between
individuals i and j, thenwij,n ≠ 0, orwji,n ≠ 0 or both; zero, other-
wise. As usual, a proper normalization haswii,n = 0 for all i.

F(x) ≡ max(0, x) is both a non-decreasing convex function and
a Lipschitz function such that |F(x1)− F(x2)| 6 |x1 − x2|. The SAR
Tobit model in this paper is specified as
yi,n = F(λ0wi·,nYn + xi,nβ0 + ϵi,n), (1)
where wi·,n is the ith row of Wn. With generalized notations
max(0, (x1, . . . , xn)′) = F((x1, . . . , xn)′) ≡ (max(0, x1), . . . ,
max(0, xn))′, the model can be written as

Yn = max(0, Y ∗

n ) = F(λ0WnYn + Xnβ0 + ϵn), (2)
where Y ∗

n ≡ λ0WnYn + Xnβ0 + ϵn. The model can be derived
as a complete information game with each spatial unit (an
agent) maximizing its linear–quadratic utility function subject to
nonnegative constraints, given the actions of its links (see Ballester
et al., 2006; Calvó-Armengol et al., 2009). Assume individual i’s
utility is u(y1,n, . . . , yn,n) = −y2i,n +2(λ0wi·,nYn + xi,nβ0 + ϵi,n)yi,n.
When λ0wi·,nYn + xi,nβ0 + ϵi,n > 0, u is maximized at yi,n =

λ0wi·,nYn + xi,nβ0 + ϵi,n. When λ0wi·,nYn + xi,nβ0 + ϵi,n 6 0,
∂u/∂yi,n = −2yi,n +2(λ0wi·,nYn +xi,nβ0 +ϵi,n) < 0when yi,n > 0,
i.e., u is strictly decreasing when yi,n > 0. Thus, u is maximized at
yi,n = 0. Hence, the Nash equilibrium is Eq. (2).

After a slight modification, this model can deal with the case
where censoring points ci,n’s are known and nonzero. With ci,n be-
ing the censoring points for i, an extended model can be Ỹn =

max{Cn, Ỹ ∗
n } where Ỹ ∗

n = λ0WnỸn + Xnβ0 + ϵn. We can do a
transformation, Yn = Ỹn − Cn, then the extended model can be
rewritten as Eq. (1) with a trivial modification on the regressors,
Y ∗
n = λ0Yn + λ0WnCn − Cn + Xnβ0 + ϵn. But this paper cannot deal

with the case studied in Nelson (1977) where ci,n’s are unknown.
An example of such a model is the female labor supply where yi,n
is a market wage and ci,n is a reservation wage. The reservation
wage can be modeled as another regression equation based on an
individual’s unobserved utility. We can observe market wage yi,n
when yi,n > ci,n, but we will not observe yi,n while yi,n 6 ci,n be-
cause those females will not work. Such a model is in the category
of sample selection models. The censored model in this paper can-
not handle sample selection models.

Because our model (2) is a system of nonlinear equations with
censored dependent variables, it is necessary to discuss conditions
for model coherency (Amemiya, 1974). Before doing so, we list our
assumptions.

Assumption 1. Individual units in the economy are located or
living in a regionDn ⊂ D ⊂ Rd, where the cardinality ofDn satisfies
limn→∞ |Dn| = ∞. The distance d(i, j) between any two different
individuals i and j is larger than or equal to a specific positive
constant, without loss of generality, say, 1.

Note that the space D can be a space of economic characteris-
tics, a geographical space or a mixture of both economic and phys-
ical spaces. Correspondingly, the distance may refer to economic
and/or physical distance induced from any norm on Rd. Assump-
tion 1 uses the increasing domains asymptotic and rules out the
scenario of infilled asymptotic.2 This setting is introduced in Jen-
ish and Prucha (2009, 2012) for spatial mixing and NED processes.

2 Under infilled asymptotic, even some popular estimators, such as the least
squares and the method of moments may not be consistent, as noted in Lahiri
(1996).
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