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a b s t r a c t

We consider a semiparametric cointegrating regression model, for which the disequilibrium error is
further explained nonparametrically by a functional of distributions changing over time. The paper
develops the statistical theories of the model. We propose an efficient econometric estimator and
obtain its asymptotic distribution. A specification test for the model is also investigated. The model and
methodology are applied to analyze how an aging population in the US influences the consumption level
and the savings rate.We find that the impact of age distribution on the consumption level and the savings
rate is consistent with the life-cycle hypothesis.
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1. Introduction

Nonlinear and nonparametric models have drawn much atten-
tion over the past decade, and it now seems generally agreed that
many important economic relationships are intrinsically complex
and cannot be modeled effectively using simple linear parametric
models. See, for example, Pagan and Ullah (1999) and Granger and
Teräsvirta (1993). Many empirical economic relationships, which
were formerly represented by linear and parametric models, are
indeed being modeled and estimated within nonlinear and non-
parametric frameworks. Nonlinear and nonparametric approaches
certainly providemore flexibility and accommodate a broader class
of models. The generality, however, comes at a cost. It is well
known that estimated nonlinear and nonparametric models of-
ten have relatively poor finite sample performance and/or slower
rates of convergence asymptotically. The cost can be prohibitively
high in nonstationary time series settings, as is well demonstrated
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in Park (2005), and this forces us to look for reasonable compro-
mises. The class of partially nonlinear and nonparametric models
certainly offers one such compromise.
We consider in this paper a semiparametric model that is par-

tially nonlinear and nonparametric. The linear part of the model
specifies a cointegrating relationship among a set of integrated
variables in a parametric regression form, whereas the nonlinear
part describes the effect of a functional regressor which we model
nonparametrically by introducing a response function. In the pa-
per, we consider a series estimation of the model and establish
its statistical theories. In particular, we develop an efficient econo-
metric estimator of the model and obtain its asymptotic distribu-
tion. A specification test, which wemay use to check the adequacy
of themodel, is also introduced and analyzed. The efficient estima-
tor is asymptotically Gaussian, and the proposed specification test
has a limit chi-square distribution. Our statistical theories in the
paper are therefore all Gaussian. The assumptions used in the pa-
per are mild and allow for a wide class of integrated processes and
functional regressors that may appear in practical applications.
The model and methodology developed in the paper can be

used to analyze various time series macroeconomic models from
a new perspective. In particular, our approach allows for modeling
economic relationships over time that are also affected by the
cross-sectional distributions in each period. Typically, individual
specific variables such as age are averaged outwhenwe investigate
the relationships among a set of aggregate variables. Consequently,
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we overlook the interaction between the levels of aggregate
macroeconomic variables and their distributions since we expect
that the distribution of age itself also matters in determining the
levels of the aggregate macroeconomic variables. For example, the
life cycle hypothesis suggests that the savings rate should vary
along the stages of the life-cycle. Then the aggregate savings rate
should depend on the age distribution, in addition to other typical
aggregate macroeconomic variables such as the level of income or
income growth.
When we apply our methodology to analyze the quarterly con-

sumption level and savings rate from 1959:1 to 2002:3, we find
that the impact of age distribution on the consumption level and
the savings rate takes a U-shape and an inverted U-shape respec-
tively, which is consistent with the life-cycle hypothesis. In other
words, we find that consumption is lower for middle-agers and
higher for both sides of young-agers and old-agers, while the sav-
ings rate responds in a mirrored fashion to the age distribution,
being highest for middle-agers. This is in contrast with the pre-
vious studies based on parametric approaches, which repeatedly
produced a U-shaped impact curve for the savings rate. We point
out the reasons why our nonparametric approach outperforms the
conventional parametric approaches. Of course, our nonparametric
approach also has somewell known costs: a slower rate of conver-
gence for the estimates of model parameters and the dependency
of inferential results on the choice of basis functions and truncation
parameters.
The rest of the paper is organized as follows. Section 2 intro-

duces the model and assumptions. The details of the model are
given with the required assumptions, and the series estimation
method is introduced to estimate the model. The basic statistical
theories are developed in Section 3. Various approximation results
are provided to facilitate the asymptotic analysis of our model. The
limit distributions of the model estimators are also given, and the
asymptotics of the long-run error variance estimator are devel-
oped. Section 4 provides the efficient estimation method based on
the CCR transformation, and the specification test using the vari-
able addition approach that suits our model conveniently well.
Section 5 reports the empirical results for the application of the
model; these analyze the effect of age distribution on the consump-
tion level and savings rate. Section 6 concludes the paper, and the
mathematical proofs are in the Appendix.
A word on notation. As usual, we use | · | to denote themodulus.

If applied to vectors or matrices, the notation denotes the maxi-
mum of the moduli of their components. For a vector x = (xi),
‖ · ‖ signifies the standard Eucleadian norm, i.e., ‖x‖2 =

∑
x2i . On

the other hand, the notation is used to denote the operator norm
for amatrix A = (aij). We therefore have ‖A‖ = sup ‖Ax‖/‖x‖. It is
well known that ‖A‖2 is dominated by themaximum eigenvalue of
A′A, and consequently, bounded in particular by ‖A‖2 ≤ tr(A′A) =∑
a2ij. We also use the same notation, ‖·‖, to signify the supremum

norm for continuous functions defined on a compact interval. This
should cause no confusion. For functions that are vector-valued,
the notation denotes the maximum of the supremum norms of
the component functions. Standard notations such as op and Op for
stochastic orders, and→p and→d for convergences of random se-
quences, are usedwithout any reference.Moreover, equality in dis-
tribution is denoted by=d, and R denotes the set of real numbers.
Finally, we denote byλmin(A) andλmax(A) respectively the smallest
and largest eigenvalues of a matrix A.

2. The model and assumptions

We consider the regression model given by

yt = νt + x′tβ + ut , (1)

where

νt =

∫
∞

−∞

ft(s)g(s)ds (2)

for t = 1, . . . , n. Themodel (1) is partially linear, consisting of both
linear and nonlinear parts. The regressor (xt) has a linear relation-
shipwith the regressand (yt), which is specified parametrically. On
the other hand, in the nonlinear part (νt), the regressor (ft) is given
as a set of functional observations, to which the regressand (yt) re-
sponds nonlinearly as given in (2). The function g may be inter-
preted as a response function, which measures the effect of (ft) on
(yt) in a nonparametric fashion. Throughout the paper, we assume
that the functional regressor (ft) is deterministic.1 As usual, (ut)
denotes the regression error.
In what follows, we assume that (xt) is a vector integrated

process and (ut) a stationary process, so that our model (1)
represents a semiparametric cointegrating regression. Let (xt) be
m-dimensional. Further, we let vt = 1xt ,

wt = (ut , v′t)
′, (3)

and assume the following.

Assumption 1. Let

wt =

∞∑
i=0

Φiεt−i

and we assume that Φ(1) is nonsingular and
∑
i|Φi| < ∞, and

that (εt) are iid with Ψ = Eεtε′t > 0 and E|εt |p < ∞ for some
p > 4.

The process (wt) is therefore assumed to be a general linear pro-
cess. We only require the standard summability condition for (Φi)
and themoment condition for (εt), which are routinely imposed in
the time series literature. The iid assumption on the innovation se-
quence (εt) is restrictive, since it does not allow for more general
linear processes driven by ARCH-type innovations having condi-
tional heteroskedasticity. The assumption does not appear to be
crucial, and is imposed here to ease the proofs of our subsequent
theoretical results.
Let

a = (p− 2)/2p,

where p is the maximal order of the existing moment for (εt)
introduced in Assumption 1. Under Assumption 1, we have by the
result in Park and Hahn (1999):

1
√
n

[nr]∑
t=1

wt = Φ(1)
1
√
n

[nr]∑
t=1

εt + Op(n−a)

uniformly in r ∈ [0, 1]. Therefore, due to the strong approximation
obtained by, e.g., Einmahl (1989), we have the following.

Lemma 1. Let Assumptions 1 and 2 hold. Then there exists a sto-
chastic process Wn defined on [0, 1] such that

1
√
n

[nr]∑
t=1

wt =dWn(r) (4)

and

sup
0≤r≤1

|Wn(r)−W (r)| = Op(n−a),

where W is a vector Brownian motion with variance Ω = Φ(1)
ΨΦ(1)′.

1 We may of course let (ft ) be random and given exogenously.
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