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a b s t r a c t

In the dynamic analysis of structural engineering systems, it is common practice to introduce damping
models to reproduce experimentally observed features. These models, for instance Rayleigh damping,
account for the damping sources in the system altogether and often lack physical basis. We report on
an alternative path for reproducing damping coming from material nonlinear response through the con-
sideration of the heterogeneous character of material mechanical properties. The parameterization of
that heterogeneity is performed through a stochastic model. It is shown that such a variability creates
the patterns in the concrete cyclic response that are classically regarded as source of damping.

� 2015 Elsevier Ltd. All rights reserved.

1. Introduction

In the last few decades, a great deal of attention was paid to the
comprehension and modeling of damping mechanisms in inelastic
time-history analyses (ITHA) of concrete and reinforced concrete
(RC) structures [1, Section 2.4]. Fig. 1, adapted from [2], shows
the uniaxial cyclic compressive strain–stress (E–R) response mea-
sured on a concrete test specimen. Throughout this paper, the term
‘‘uniaxial’’ implies that there is only one loading direction and that
the stress, respectively strain, of interest is the normal component
of the stress, respectively strain, vector in the loading direction. In
other words, when it comes to constitutive relation between stress
and strain, the work presented thereafter is developed in a 1D set-
ting. In Fig. 1, the so-called backbone curve, which is the envelope
of the response (dashed line), shows the following phases: (i) an
inelastic phase with positive slope (E 6 2:7� 10�3 for that particu-
lar example, where E is the measured strain), and (ii) an inelastic
phase with negative slope before the specimen collapses. For con-
crete, no elastic phase can really be identified, and hysteresis loops
appear in unloading–reloading cycles even for limited strain
amplitudes. Other salient features include: (i) a residual deforma-
tion after unloading, and (ii) a progressive degradation of the stiff-
ness (slope of the unloading–loading segments). The hysteresis
loops are one of the sources of the damping that is observed in free

vibration recordings of concrete beams. Other sources include fric-
tion at joints [3] or at the concrete-steel interface in reinforced
concrete [4]. These other sources of damping will not be discussed
in this paper, where we will concentrate on material damping.

Most classical uniaxial constitutive models of concrete for
numerical simulation do not dissipate any energy in unloading–
reloading cycles (see e.g. Fig. 2 [top left]). It is then common prac-
tice to add a viscous damping model (Rayleigh damping) to the
inelastic structural model, to reproduce phenomena that are
experimentally observed at the structural level (decreasing ampli-
tude of displacements in free vibration). However, Rayleigh damp-
ing is well known to lack physical justification, even when care is
taken to avoid generating spurious damping forces [5,6].

Another class of approach aims at reproducing more precisely
the features of Fig. 1 through elaborate inelastic constitutive rela-
tions. Fig. 2 shows typical examples of uniaxial relations found in
the literature. The relation described in [7] [top left] defines differ-
ent response phases for different strain intensities, with an addi-
tional coefficient to control the loss of stiffness. The constitutive
relation described in [8] [bottom right] comes from a formulation
developed in the framework of thermodynamics with internal vari-
ables. It reproduces damping features reasonably well, in particular
for higher amplitudes, but requires the identification of a rather
large number of parameters. These first two types of relations
are somehow defined by parts for different loading regimes. They
hence require a wider set of parameters and seem to contradict
the seemingly smooth transition between regimes observed
experimentally. The constitutive relation described in [9] [top
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right] is heuristically defined from a database of experiments. It
reproduces unloading–reloading hysteresis mechanisms, but lacks
a theoretical basis. Finally, the relation described in [10] [bottom
left] is based on a physical model of damage and friction. It man-
ages to dissipate energy in unloading–reloading cycles, but the lack
of obvious physical meaning for some parameters can render their
identification difficult.

The main purpose of this paper is to present a multi-scale
stochastic nonlinear concrete model that can be accommodated
in an efficient structural frame element (fiber element), and that
participates to the overall structural damping in dynamic loading.
In particular, this implies the developed concrete model be capable
of representing hysteresis loops in unloading–reloading cycles at
macro-scale (the scale where such behavior as in Fig. 1 can be
observed). In this work, this is achieved by the introduction, at
an underlying meso-scale, of spatial variability in the parameters.
At meso-scale, an elasto-plastic response with linear kinematic
hardening and heterogeneous yield stress is considered. This
choice is mainly driven by its simplicity and its relevance is
illustrated in the numerical applications.

The main issue with modeling the heterogeneity of the yield
stress lies in the parameterization. On the one hand, local informa-
tion on the heterogeneity of concrete is available at a scale that we
wish to avoid (because of the associated computational costs). On
the other hand, identification becomes extremely difficult when
very fine models are considered. We therefore choose to model
the heterogeneity of the yield stress through a stochastic model.
Hence, only three parameters control that heterogeneity: a mean
value, a variance, and a correlation length. The choice of parame-
terizing the fluctuating field of constitutive parameters by sta-
tistical quantities means that there might be fluctuations in the
quantities of interest measured for different realizations of the ran-
dom model. However, as will become apparent in the examples,
some sort of homogenization comes in and these fluctuations can
rightfully be ignored.

Several authors in the literature have considered random mod-
els of fluctuating nonlinear materials [11–14], in particular for con-
crete [15–21] or in the context of dynamic analysis [22–24]. We
consider here a modeling framework that is a combination of
ingredients found in several previous papers [25,26,15,21], with a
fluctuating yield stress modeled as a random field with non-zero
correlation length. However, the objective in these papers was to
assess the influence of parameter uncertainty on some quantity
of interest. An objective with the current paper is to observe the
effect of randomness at a meso-scale on the nonlinear stress–strain
relation at macro-scale. The work herein presented should there-
fore be seen as an innovative proposal for parameterization of a
nonlinear stress–strain relation.

In Section 2, we recall the theoretical formulation of the inelas-
tic beam model that will be used throughout this paper. The
stochastic multi-scale constitutive relation developed to represent
concrete cyclic behavior in reinforced concrete frame elements is
introduced in Section 3. Concrete behavior at macro-scale is
retrieved from the description of a meso-scale where elasto-plastic
response with linear kinematic hardening and spatially variable
yield stress is assumed. In particular, we emphasize in Sections
3.3 and 3.4 the heterogeneity of the yield stress and the parameter-
ization of that heterogeneity through a random model. In Section 4,
we report on the limiting case of vanishing correlation length and
monotonic loading, for which several results can be derived ana-
lytically. Section 5 presents numerical applications of the model
in the context of dynamic structural analysis of reinforced concrete
frame elements.

Fig. 1. Strain–stress concrete experimental response in pseudo-static cyclic
uniaxial compressive loading (adapted from [2]). R and E are the homogeneous
compression stress and strain in the concrete test specimen that are measured in
the loading direction. R and E are spatial mean quantities in the sense that R is
computed as the load in the hydraulic cylinder of the testing machine divided by
the area of the specimen cross section, and E is computed as the displacement of the
cylinder divided by the length of the concrete specimen.

Fig. 2. Typical strain–stress relations in pseudo-static cyclic compressive loading for different models: [7] [top left], [9] [top right], [10] [bottom left], and [8] [bottom right].
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