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differ substantially for some of the stocks in the sample.
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1. Introduction

Linear discrete-time factor models permeate academic asset
pricing finance and also form the basis for a wide range of practical
portfolio and risk management decisions. Importantly, within this
modeling framework equilibrium considerations imply that only
non-diversifiable risk, as measured by the factor loading(s) or the
sensitivity to the systematic risk factor(s), should be priced, or
carry a risk premium. Conversely, so-called neutral strategies that
immunize the impact of the systematic risk factor(s) should earn
the risk free rate.

Specifically, consider the one-factor representation,

ri=ai+Bro+e€, i=1,...,N, (1
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where r; and ry denote the returns on the ith asset and the
systematic risk factor, respectively, and the idiosyncratic risk, €;,
is assumed to be uncorrelated with ry. Then, provided sufficiently
weak cross-asset dependencies in the idiosyncratic risks (see Ross
(1976) and Chamberlain and Rothschild (1983)), the absence of
arbitrage implies that E(r;) = rf + Aof;, where 17 and A, denote
the risk free rate and the premium for bearing systematic factor
risk, respectively, so that the differences in expected returns across
assets are solely determined by the cross-sectional variation in the
betas. This generic one-factor setup obviously encompasses the
popular market model and CAPM implications in which the betas
are proportional to the covariation of the assets with respect to the
aggregate market portfolio. However, the use of other benchmark
portfolios in place of ry, or more general dynamic multi-factor
representations (see, e.g., the discussion in Sentana and Fiorentini
(2001) and Fiorentini et al. (2004)), attach the same key import to
the corresponding betas.

The beta(s) of an asset is(are), of course, not directly observable.
The traditional way of circumventing this problem and estimating
betas rely on rolling linear regression, typically based on five
years of monthly data, see, e.g., the classical studies by Fama
and MacBeth (1973) and Fama and French (1992). Meanwhile,
the recent advent of readily-available high-frequency financial
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prices have spurred a renewed interest into alternative ways
for more accurately estimating betas. In particular, Andersen
et al. (2005), Andersen et al. (2006), Bollerslev and Zang (2003),
and Barndorff-Nielsen and Shephard (2004a) among others, have
all explored new procedures for measuring and forecasting period-
by-period betas based on so-called realized variation measures
constructed from the summation of squares and cross-products
of higher frequency within period returns. These studies generally
confirm that the use of high-frequency data results in statistically
far superior beta estimates relative to the traditional regression
based procedures.

Meanwhile, another strand of the burgeoning recent empirical
literature concerned with the analysis of high-frequency intraday
financial data has argued that it is important to allow for the
possibility of price discontinuities, or jumps, in satisfactorily
describing financial asset prices; see, e.g., Andersen et al.
(2007), Barndorff-Nielsen and Shephard (2004b, 2006), Huang
and Tauchen (2005), Mancini (2001, 2008), Lee and Mykland
(2008) and Ait-Sahalia and Jacod (2009b). Related to this, there
is mounting empirical evidence from derivatives markets that
options traders price the expected variation in equity returns
associated with sharp price discontinuities, or jumps, differently
from the expected variation associated with more smooth, or
continuous, price moves; see, e.g., Bates (2000), Eraker (2004), Pan
(2002) and Todorov (forthcoming). In other words, it appears as
if the market rewards erratic price moves differently from more
orderly or smooth price variation, and implicitly treating the risk
premia for two different types of price variation to be the same, as it
is commonly done in most existing pricing models, is too simplistic.

Combining these recent ideas and empirical observations
naturally suggests decomposing the return on the benchmark
portfolio(s) within the linear factor model framework into the
returns associated with continuous and discontinuous price moves
(rg and rg, respectively). In particular, for the one-factor model in
Eq. (1),

c..C d.d
ri=a;+ Birg + Birg + €.

where by definition ry = r§ + rd, and the two separate betas
represent the systematic risks attributable to each of the two
return components.! Of course, for B = ﬁid the model trivially
reduces to the standard one-factor model in Eq. (1). However, there
is no a priori theoretical reason to restrict, let alone expect, the
two betas to be the same. Indeed, the classical paper by Merton
(1976) hypothesized that in the context of the market model,
jump risks for individual stocks are likely to be non-systematic,
so that effectively ﬂf = 0. On the other hand, the evidence for
larger cross-asset correlations for extreme returns documented
in Ang and Chen (2002) among others, indirectly suggests non-zero
jump sensitivities, or 514 > 0. Despite the potential importance
of such a decomposition, both from a theoretical asset pricing
as well as a practical portfolio management perspective, direct
empirical assessment has hitherto been hampered by the lack of
formal statistical procedures for actually estimating different types
of beta. The present paper fills this void by developing a general
theoretical framework for disentangling and separately estimating
the sensitivity towards systematic continuous and systematic
jump risks. For simplicity and ease of notation, we will focus
on the one-factor representation in Eq. (2), but the same ideas
and estimation procedures extend to more general multi-factor
representations.

The asymptotic theory underlying our results rely on the notion
of increasingly finer sampled returns over a fixed time-interval.

i=1,...,N, (2)

Ta very different economically motivated decomposition of the beta within the
context of the one factor market model into so-called cash-flow and discount rate
betas has recently been proposed by Campbell and Vuolteenaho (2004).

Our estimation and inference procedures thus extend the results
in Barndorff-Nielsen and Shephard (2004a) on realized covariation
measures for continuous sample path diffusions. The derivation
of our results directly builds on and extends the work of Jacod
(2008) on power variation for general semimartingales (containing
jumps) as well as the recent work of Ait-Sahalia and Jacod (2009b)
and Jacod and Todorov (2009) on testing for jumps in discretely
sampled univariate and multivariate processes. Related ideas
have also recently been explored by Mancini (2008) and Gobbi
and Mancini (2008). Additionally, we also utilize the procedures
of Barndorff-Nielsen and Shephard (2004b) and Barndorff-Nielsen
etal. (2005) for measuring the continuous sample path variation in
the construction of feasible estimates for the asymptotic variances
of the betas.

To illustrate the practical usefulness of the new procedures,
we estimate separate continuous and jump betas with respect
to an aggregate market portfolio for a sample of forty individual
stocks, focussing on the monthly horizon. Consistent with the
aforementioned studies on high-frequency based beta estimates,
which implicitly restrict the two kinds of beta to be the same,
we find overwhelming empirical evidence that both kinds of beta
vary non-trivially over time. Our findings of systematically positive
jump betas for all of the stocks directly contradict the notion that
jump risk is diversifiable. Our results also show that for some of
the stocks the two types of beta can be quite different, with the
estimated jump betas typically being larger and less persistent than
their continuous counterparts.

The calendar time span of high-frequency data available for
the empirical analysis is too short to allow for the construction
of meaningful statistical tests for whether the separate betas
truly reflect differences in priced systematic risks. However, the
differences in the magnitudes of the estimates for some of the
companies are such that the new betas developed here could make
a material difference in terms of pricing and similarly allow for
more informed portfolio and risk management decisions.

The rest of the paper proceeds as follows. Section 2 details
our theoretical setup and assumptions, along with the intuition
for how to calculate continuous and jump betas in the unreal-
istic situation when continuous price records are available. Our
new procedures for actually estimating separate betas based on
discretely sampled high-frequency observations and the corre-
sponding asymptotic distributions allowing for formal statistical
inference are presented in Section 3. Our empirical application en-
tailing estimates of the betas for the extended market model for
the forty individual stocks is discussed in Section 3. Section 4 con-
cludes. All of the proofs are relegated to a technical Appendix.

2. The continuous record case and assumptions

Discrete-time models and procedures along the lines of the
simple one-factor model in Eq. (1) are commonly used in finance
for describing returns over annual, quarterly, monthly or even
daily horizons. Our goal here is to make inference for the separate
betas in the extended one-factor model in (2) under minimal
assumptions about the processes that govern the returns within
the discrete time intervals.

To this end, assume that within some fixed time-interval [0, T]
the log-price p; is generated by the following general process
(defined on some filtered probability space (2, #, (¥ )t>0. P)),

dpi = agdt + B o0:dWor + 03 dWe

48[ et )toet. a0
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+/K’(8i(r,x))p,i(dt,dx), i=1,...,N, (3)
E;
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