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Abstract

Maximizing the revenue from selling more than one good (or item) to a single buyer is a notoriously diffi-
cult problem, in stark contrast to the one-good case. For two goods, we show that simple “one-dimensional”
mechanisms, such as selling the goods separately, guarantee at least 73% of the optimal revenue when the
valuations of the two goods are independent and identically distributed, and at least 50% when they are
independent.

For the case of k > 2 independent goods, we show that selling them separately guarantees at least a
c/ log2 k fraction of the optimal revenue; and, for independent and identically distributed goods, we show
that selling them as one bundle guarantees at least a ¢/ log k fraction of the optimal revenue.

Additional results compare the revenues from the two simple mechanisms of selling the goods separately
and bundled, identify situations where bundling is optimal, and extend the analysis to multiple buyers.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

Suppose that a seller has one good (or “item”) to sell to a single buyer whose willingness to
pay (or “value”) for the good is x. While x is known to the buyer, it is unknown to the seller, who
knows only its distribution (given by a cumulative distribution function F). If the seller offers to
sell the good for a price p then the probability that the buyer will buy is 1 — F(p), and the seller’s
revenue will be p - (1 — F(p)). The seller will choose a price p* that maximizes this expression.

This problem is the classic monopolist-pricing problem. Looking at it from an auction point of
view, one may ask whether there are mechanisms for selling the good that yield a higher revenue.
Such mechanisms could be indirect, could offer different prices for different probabilities of get-
ting the good, and so on. Yet, the characterization of optimal mechanisms of Myerson (1981)
(see also Riley and Samuelson, 1981 and Riley and Zeckhauser, 1983) concludes that the take-
it-or-leave-it offer at the above price p* yields the optimal revenue among all mechanisms. Even
more, Myerson’s result also applies when there are multiple buyers, in which case p* would be
the reserve price in a second-price auction.

Now suppose that the seller has two (different) goods that he wants to sell to a single buyer.
Furthermore, consider the simplest case where the buyer’s values for the two goods are inde-
pendently and identically distributed according to the distribution F' (“i.i.d.-F” for short), and
where, furthermore, his valuation is additive: if the value of the first good is y and that of the
second is z, then the value of the bundle consisting of both goods is' y 4 z. It would seem that
since the two goods are completely independent of each other, then the best one should be able
to do is to sell each of them separately in the optimal way, and thus extract exactly twice the
revenue one would make from a single good. Yet this turns out to be false.

Example 1. Consider the one-good distribution F taking values 1 and 2, each with probability
1/2. Let us first look at selling a single good optimally: the seller can either choose to price it
at 1, selling always” and getting a revenue of 1, or choose to price the good at 2, selling it with
probability 1/2, again obtaining an expected revenue of 1, and so the optimal revenue from a
single good is 1. Now consider the following mechanism for selling both goods: bundle them
together, and sell the bundle for price 3. The probability that the sum of the buyer’s values for
the two goods is at least 3 is 3/4, and so the revenue is 3 - 3/4 = 2.25—Iarger than the revenue
of 2 that is obtained by selling them separately.

I Our buyer’s demand is thus not limited to one good (as is the case in some of the existing literature; see “unit-demand”
in Section 1.1).

2 Since we maximize revenue we can assume without loss of generality that ties are broken by the buyer in a way that
maximizes the seller’s revenue. This “seller-favorable” property can always be achieved by appropriate small perturba-
tions of the mechanism; for instance, by the seller giving a small fixed proportional discount on all payments. See Hart
and Reny (2015a, Section 1.2, and Remark (a) after Corollary 18).
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