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a b s t r a c t 

We advocate the use of excess returns rather than yields or log prices in analysing the 

risk neutral dynamics of the term structure. We show that under standard assumptions, 

excess returns are affine in the risk neutral innovations in the factors. This framework has 

several important advantages. First, it allows for an easy estimation of models that are 

more flexible than the AR (1). Indeed, we estimate models with more general dynamics, like 

ARFIMA ( p, d, q ), almost as easily as AR (1). Second, within our framework the dimension of 

the unrestricted model is the same for the AR (1) as it is for the richer models, and does 

not expand in line with the state vector as it does in a yield or log price framework. This 

makes it appropriate to test all of these risk neutral dynamic specifications against the 

same OLS unrestricted alternative. Our results for the US Treasury bond market show that 

the unrestricted model is preferred to the AR (1) by the Bayesian Information Criterion, 

but the opposite conclusion is reached for more flexible models. A final advantage of the 

excess returns framework is that the pricing errors are much lower than for the equivalent 

log price system. 

© 2017 Elsevier B.V. All rights reserved. 

1. Introduction 

This paper proposes a novel approach to the term struc- 

ture of interest rates, which allows the cross section of re- 

turns to be modelled easily without necessarily adopting 

any specific model of the risk-neutral dynamics, other than 

to assume them to be linear. We exploit the fact that ab- 

sent arbitrage and measurement error, the forward price 
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of any security for any future period is its risk-neutral ex- 

pectation for that period. Thus, it can be used to replace 

the risk-neutral expectation generated by an autoregressive 

model in the standard specification of the cross section, al- 

lowing less restrictive dynamic specifications to be used. It 

follows that the excess logarithmic return on any security 

can be viewed as a risk-neutral surprise or innovation plus 

a Jensen term determined by its volatility. Assuming that 

these excess returns have a factor structure, this approach 

yields an affine model that relates M excess bond returns 

that are measured with error to K < M factor innovations , 

which can be represented by excess returns on bond port- 

folios that are assumed to be measured without error. The 

loadings of the excess returns on the factor innovations de- 

pend upon the risk-neutral factor dynamics, allowing these 

to be identified and estimated. 

In the absence of no-arbitrage restrictions, this model 

can be estimated simply by regressing the M excess bond 

returns on the K factor innovations using Ordinary Least 
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Squares ( OLS ). 1 This M × K model can be restricted by 

making appropriate assumptions about arbitrage opportu- 

nities and the risk-neutral dynamics. We show that the 

excess return framework easily handles ARFIMA processes, 

which include the various autoregressive ( AR ), moving av- 

erage ( MA ), and long memory ( LM ) models that have been 

used in the literature. MA and LM models are notoriously 

difficult to estimate, but are easily handled in the excess 

returns framework. 2 The unrestricted OLS excess returns 

model provides a convenient encompassing model for test- 

ing such restrictions and in particular, the first-order au- 

toregressive AR (1) arbitrage-free specification used exten- 

sively in the term structure literature. 

As ( Bams and Schotman, 2003 ) and others have noted, 

a variant of the excess returns model can be obtained sim- 

ply by forward-differencing the standard AR (1) affine term 

structure model ( ATSM ), which relates the M log prices or 

yields to the values of the K factor portfolios. 3 However, 

we show that this forward-difference relation only holds 

for the AR (1) specification; richer dynamic specifications 

increase the dimensions of the yield ATSM but not the re- 

turn ATSM . For example, if the risk-neutral dynamics are 

second-order autoregressive ( AR (2)), this doubles the num- 

ber of lagged state variables in the risk-neutral dynamics 

and means that the M yields are not properly explained 

by the K factor portfolios; another K factors are in prin- 

ciple needed to do this. 4 However, working with innova- 

tions removes the second- and higher-order lags (and, in 

the case of MA models, lagged error terms) from the risk- 

neutral dynamics and preserves the M × K structure of the 

excess returns model. 

This is the key message of this paper: the return 

or forward-difference format provides a very convenient 

framework for testing risk-neutral models of the factor dy- 

namics because it is not necessary to restrict attention to 

the AR (1) model analysed by Bams and Schotman (2003) , 

Bauer (2017) , and Adrian et al. (2013) , and others who use 

returns data. Moreover, we find that empirically, the mea- 

surement errors in the return framework are much smaller 

than in the corresponding yield model (see Fig. 5 ). Also, 

as found by Dai and Singleton (20 0 0) ; Duffee (2011a ), and 

( Adrian et al., 2013 ), the yield pricing errors exhibit a large 

degree of autocorrelation, which disappears when working 

with returns (see Table 3 ). These results suggest that the 

latter provides a more powerful framework for asset pric- 

1 We show that if the factor dynamics have unrestricted linear repre- 

sentation (allowing them to be represented as an infinite series of current 

and lagged risk neutral innovations) and the no-arbitrage restriction that 

follows from the factor structure is neglected, this generates the M × K 

unrestricted benchmark OLS model of the cross section of returns. In con- 

trast, it seems hard to interpret the unrestricted OLS yield level bench- 

mark as a model of the factor dynamics. 
2 Goli ́nski and Zaffaroni (2016) model yields with long memory dynam- 

ics using infinite-dimensional state vectors and estimate the system using 

a state-space truncation. 
3 Thus, the factor loadings matrices of these systems should in principle 

be identical. 
4 Duffee (2011b ) and ( Adrian et al., 2013 ) have suggested that the per- 

formance of the AR (1) model might be improved by introducing more fac- 

tors, but this would also increase the stochastic dimension of the cross 

section (see Section 3.2.1 ). 
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Fig. 1. Intercept coefficients by maturity of the AR (1), AR (2), and 

ARFIMA (2, d , 1) excess return DTSM models and the unrestricted OLS 

benchmark. The dashed lines represent the 95% OLS confidence interval. 

The sample period is January 1983 to December 2011. 

ing and model testing. We use this framework to re-assess 

the performance of AR (1) and other ATSMs . 

Several researchers have noted that the factor loadings 

estimated for an AR (1) yield model are typically very close 

to those of an unrestricted OLS regression and that the 

measurement errors are only a little larger. Hamilton and 

Wu (2014) and ( Duffee, 2011a ) compare these specifica- 

tions and show that the AR (1) restrictions are nevertheless 

strongly rejected statistically: the differences between the 

AR (1) and OLS benchmark are numerically small but sta- 

tistically significant. Balduzzi and Chiang (2012) also find 

strong evidence against the AR (1) ATSM when testing it 

against the OLS . These findings reflect the fact that the 

pricing errors in the Treasury bond market are very small, 

which means, as Cochrane and Piazzesi (2008) observe, 

that the risk-neutral model parameters are very precisely 

determined, making data for this market very good at com- 

paring the performance of rival models. 

We confirm the rejection of the AR (1) restrictions in 

our data set but, in a more constructive way, we show 

that richer dynamic models with parameters that are con- 

strained by asset pricing theory can beat the unrestricted 

benchmark model. Fig. 2 shows the return loadings for 

the AR (1) model alongside the unconstrained OLS return 

loadings and their 95 % confidence interval. As in previous 

models, the fit looks reasonable, but many of the AR (1) 

loadings on the first two factors lie outside the confidence 

interval. More worrying, Fig. 1 shows that the intercept 

coefficients of the AR (1) model are visibly and signifi- 

cantly flatter than those of the OLS benchmark. 5 However, 

the more flexible models do a better job, generating 

loadings that largely coincide with the OLS estimates. 

Reflecting these observations, on the basis of the Bayesian 

5 Hamilton and Wu (2014) also find that the badly fitting intercept is 

the main reason that the AR (1) model is rejected against the OLS model. 
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