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h i g h l i g h t s

• Bivariate α-stable sub-Gaussian random vectors are considered.
• New estimation parameters’ estimation method is proposed.
• The new testing procedure is introduced.
• The proposed methods are used for simulated as well as real financial time series.
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a b s t r a c t

Financial time series are commonly modeled with methods assuming data normality.
However, the real distribution can be nontrivial, also not having an explicitly formulated
probability density function. In this work we introduce novel parameter estimation and
high-powered distribution testing methods which do not rely on closed form densities,
but use the characteristic functions for comparison. The approach applied to a pair of stock
index returns demonstrates that such a bivariate vector can be a sample coming from a
bivariate sub-Gaussian distribution. The methods presented here can be applied to any
nontrivially distributed financial data, among others.

© 2017 Published by Elsevier B.V.

1. Introduction

A large part of currently performed research in many fields relies heavily on proper model identification, whether it
concerns model type or its order, see [1]. That applies to both deterministic and stochastic problems. For instance, in
deterministic case a wrong choice of model family can lead to a very good fit to the data but accompanied by a very
misleading out-of-sample forecast. Also, incorrect choice ofmodel orderwithin one familymay cause a completely erroneous
extrapolation out of the available data set.

Similar problems may occur in stochastic approaches. The key to modeling time series is the proper identification of
the distribution that drives the data. Many classical models, e.g. in finance, assume data or the model error to be normally
distributed. However, the reality is far fromperfect, and the range of possible distributions to be considered is vast. Therefore,
creating appropriate and universal testing tools for stochastic processes is of researchers’ interest. Only the right knowledge
of the true distribution of the considered data can allow correct estimation of model parameters. And only then one can
actually perform simulations, for instance, to replace costly real experiments in engineering, physics, mining, and many
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more fields as discussed by [2,3], among others.Monte Carlo simulations for risk analysis are of no value then the assumption
about the underlying process is incorrect.

Current approaches make their best effort not to base tests on the assumption that we know the explicit formula of
the cumulative distribution function (CDF), as for many families of distributions a closed form of CDF is not available.
For instance, [4] have introduced a non-parametric approach for generic diffusion hypothesis. Simulation studies have
shown that the test performed acceptably well in finite samples, both uni- and multivariate. Another examples are testing
procedures based on the distribution property (but not explicit formof CDF). For instance, [5] proposed a simple test based on
the property of α-stable distribution such that the sum of independent α-stable random variables still has stable distribution
and the index of stability has the same value. See also [6].

In this work we present a testing procedure for bivariate stock index data verifying that they represent the sub-Gaussian
family of distributions. The same data has been previously studied by [7,8], where authors were illustrating methods of
general multivariate stable vectors’ estimation without proposing a testing procedure for the goodness-of-fit. The main
advantage of the testing procedure presented in our work is that it relies on distribution’s characteristic function rather than
closed form CDF. A similar methodwas proposed in one-dimensional case for testing tempered-stable distribution of indoor
air quality parameters, see [1]. It is worth tomention, the sub-Gaussian family of distributions belong to theα−stable family.
Since Mandelbrot introduced the α-stable distribution in modeling of financial asset returns [9,10], numerous empirical
studies have been done in both natural and economic sciences. The works of Rachev and Mittnik [11] and Rachev et al. [12]
have focused attention on a general framework for market and credit risk management, option pricing, and portfolio
selection based on the α-stable distribution. The heavy tailed or leptokurtic character of the distribution of price changes
has been observed in various markets, see [12–16], therefore many research papers concentrate on the problem of financial
data analysis by using heavy tailed-based models, [17–21].

Stock market prices and price indices are found among some of the most commonly studied financial time series. That
is not surprising, considering the huge volumes of trades performed every day in stock markets across the world. For
instance, [22] demonstrated that some of the asymmetric leptokurtic features presented in some of the Chinese stock
index returns can be captured by an α-stable law. Other works look for bivariate dependencies between stocks and other
commodity prices, like oil, see [23]. Some studies on bivariate data sets have been done as well. In [24] the authors
investigated a combination of VARMA(u, v)-EGARCH(p, q) models with normal errors and a constant conditional correlation
usingMSCI domestic andworld-ex-domestic index pairs for the Emu, Japan, the United Kingdom, and the United States. [25]
have also compared the relative importance of the conditional mean and volatility components of a VAR-EGARCH model of
bivariate returns to international stock market indices and found that an EGARCH-only model without a conditional mean
specification yields better-behaved residuals and no less accurate return and volatility predictions than a VAR-EGARCH
model.

In this work, we verify that other than normal distribution families should be considered when analyzing multivariate
index data. As our results demonstrate, the given index pair can be described though a sub-Gaussian distribution. Our study
proposes a new estimation method of sub-Gaussian distribution based on the form of the characteristic function as well as
the testing procedure if given multivariate vector of observations constitute a sample from this distribution. Our theoretical
results are confirmed by simulation study and real data analysis.

There are many papers where authors analyze the empirical characteristic function as the main statistic used for
parameters estimation and testing [26–29]. However, to the best of our knowledge, this is the first time that the distance
between empirical and theoretical characteristic functions is used in order to estimate the parameters of sub-Gaussian
bivariate distribution. We also provide a goodness-of-fit testing procedure for the sub-Gaussian vectors, which is also novel.
It is based on bootstrap methodology and we use the empirical and theoretical characteristic functions as the counterpart of
the Kolmogorov–Smirnov test statistics. This is contrary to the classical version of the Kolmogorov–Smirnov statistic, where
the test function is a distance between empirical and theoretical cumulative distribution functions. In the literature there
is limited number of papers where the bivariate (or multivariate) sub-Gaussian distribution is considered however there is
almost no results concerning goodness-of-fit test for such distribution.

This article is structured as follows. Section 2 introduces the α-stable vectors and their special case, sub-Gaussian vectors,
together with the related main definitions. Next, in Section 3 we present the estimation procedure for bivariate vectors
of observations from sub-Gaussian distribution. Section 4 sketches the testing procedure for verifying whether bivariate
observations can be considered as a vector from sub-Gaussian distribution. Section 5 presents the simulation study for
introduced estimation and testing procedures, while in Section 6 we examine a real bivariate data set. Section 7 concludes.

2. Multidimensional α-stable random vectors

In general, the α-stable random variables play an important role in the probability theory. Namely, the classical central
limit theorem, see [30] states that the only possible limit for the appropriately shifted and renormalized sum of identical and
independently distributed (i.i.d.) sequence of random variableswith finitemean and variance is a Gaussian (normal) random
variable. In a more generalized framework, it appears that α-stable random variables are the only possible non-degenerate
limits for renormalized sum of any i.i.d. sequences, see [30,31].
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