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h i g h l i g h t s

• A delayed feedback control is proposed based on the lattice hydrodynamic model.
• The effect of flow rate difference between sequential lattice sites is considered.
• Numerical simulation is given to prove the advantages of theoretical analyses.
• The traffic jams can be effectively suppressed by the control scheme.
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a b s t r a c t

In this paper, a lattice hydrodynamic model is derived considering not only the effect of
flow rate difference but also the delayed feedback control signal which including more
comprehensive information. The control method is used to analyze the stability of the
model. Furthermore, the critical condition for the linear steady traffic flow is deduced and
the numerical simulation is carried out to investigate the advantage of the proposedmodel
with and without the effect of flow rate difference and the control signal. The results are
consistent with the theoretical analysis correspondingly.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

For several past decades, the traffic congestion has closely impacted on human’s daily life, such as traffic accident, air
pollution and global warming. So it has been highly recommended to attach importance to the traffic congestion problem
withmathematical physics and control theories. Up to present, a large number of traffic flowmodels are proposed including
the car-following models [1–17], the cellular automaton models [18–21], the hydrodynamic models [22–44], and the gas
kinetic models [45,46] to figure out the complicated constitution behind the traffic congestion phenomenon.

In 1995, a famous car-followingmodel called optimal velocitymodel (OVM, for short) was put forward by Bando et al. [7].
In OVM, vehicle’s acceleration at the same time was determined by the difference between actual velocity and an optimal
velocity. Based on OVM, a multitude of car-following models have been extended with delayed feedback control from
the view of control theory [8–13]. In 2006, Zhao and Gao [14] proposed a simple coupled-map(CM) car-following model
considering the velocity feedback control to suppress the traffic jam. Subsequently, Han [15] and Ge [16] took into account
the ITS with CM car-followingmodel in 2007 and 2011 respectively. Then in 2014, Li [17] presented a dynamic collaboration
modelwith feedback signals to suppress the traffic congestion. Although the application of feedback control theory becomes
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more and more mature in the field of microscopic, there are seldom studies hammer at traffic jam problem for macroscopic
models with control theory.

The lattice hydrodynamic model was firstly introduced by Nagatani [27,28] to summarize the variational relationships
between collective variables. After that, the lattice hydrodynamic model was universally studied by considering different
factors from the macroscopic viewpoint [29–41], but the investigation of control signal in lattice hydrodynamic models is
rare. In 2015, Redhu [42] carried out the DFCmethod for lattice hydrodynamicmodel considering the flux change in adjacent
time and Ge [43] presented a simple control method with the lattice hydrodynamic model by applying a decentralized
delayed-feedback control. Recently, Li [44] studied the lattice hydrodynamicmodel performance based on delayed feedback
control with a view of density change rate difference.

During the actual driving condition, the dramatic change of velocity and acceleration not only impacts on the whole
traffic flow, but also steps up the vehicle emissions, and we call it the jerk profile [47]. As we know, jerk is the derivative of
acceleration, analogously we apply it into lattice hydrodynamic model to describe the flow rate difference. But up to now,
no studies have ever tried to analyze the traffic jam formacroscopicmodel considering the flow rate differencewhich have a
significant impact on traffic movement. Based on this, a new lattice hydrodynamic model with the delayed feedback control
will be presented to investigate its influence on traffic flow.

The outline of this paper is organized as follows. In Section 2, the lattice hydrodynamic model considering the flow rate
difference is presented, and its stability condition is analyzed. In Section 3, a control signal will be added into the model
proposed in Section 2 and delayed feedback control theory is used to analyze the stability conditions. In Section 4, several
numerical simulations are carried out to verify the theoretical results. Conclusions are given in Section 5.

2. Lattice hydrodynamic model considering flow rate difference

To study the complex mechanism behind the traffic flow, Nagatani [27] put forward the lattice hydrodynamic model
which meant the traffic flow could be represented with the product of the optimal velocity and average density as follows:

∂tρ + ∂x(ρv) = 0
∂t(ρv) = aρ0v(ρ(x + δ)) − aρv

(1)

where ρ and ρ(x + δ) are the local density at the position of x and x + δ at time t severally. ρ0 means the local average
density and δ is the average space headway which shows ρ0 in an inverse way(ρ0 =

1
δ
). a is the sensitivity of the driver and

always greater than 0. v is the local average speed and V (ρ) represents the optimal speed of traffic flow at density of ρ.
In order tomake it easier to proceed the further study, Nagatani modified the equation in a discretizationway as follows:

∂tρj + ρ0

ρjvj − ρj−1vj−1


= 0

∂t(ρjvj) = aρ0v(ρj+1) − aρjvj
(2)

where the road is divided into N lattice sites and j indicates the site of the road on the one-dimensional lattice, ρj and vj
severally indicates the local density and the local average speed on site j at time t .

Recently, Redhu [42] proposed a delayed-feedback control for Nagatani’s model in which flow evolution equation was
modified taking the difference between current state and delayed one of site—j + 1. The feedback gain was designed to
suppress the traffic jam in lattice hydrodynamicmodel which finally verified the feasibility of feedback signal in suppressing
the traffic congestion. Analogously flow rate difference is used to analyze the stability condition of the lattice hydrodynamic
model. It is the dramatic change of flux and the formula is rewritten as:

∂tρj+1 + ρ0

qj+1 − qj


= 0

∂t(qj) = aρ0v(ρj+1) − aqj + uj
(3)

where q represents the product of ρ and v. The flow rate difference uj is described as:

uj(t) = −λMj(t) = −λ


dqj (t)
dt

−
dqj (t − 1)

dt


(4)

with λ being flow rate parameter, the control signal describes the change of the flow rate between time t and t − 1 at
lattice j. And because Eq. (2) shows the similarity with Bando’s car-following model, we adopt the analogous optimal speed
equation:

V (ρ) = (vmax/2) [tanh (1/ρ − 1/ρc) + tanh (1/ρc)] (5)

where vmax and ρc severally denote the maximal speed and the critical safety density.
Later we suppose the desired density of vehicles and comprehensive flow are ρ∗ and q∗, so the steady state of the

following vehicles is:

[ρn (t) , qn (t)]T = [ρ∗

n , q
∗

n]
T . (6)
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