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Abstract

The paper presents a two-dimensional immersed interface technique for the Vortex-In-Cell (VIC) method for simulation of flows past
bodies of complex geometry. The particle–mesh VIC algorithm is augmented by a local particle–particle correction term in a Particle–
Particle Particle–Mesh (P3M) context to resolve sub-grid scales incurred by the presence of the immersed interface. The particle–particle
correction furthermore allows to disjoin mesh and particle resolution by explicitly resolving sub-grid scales on the particles. This P3M
algorithm uses an influence matrix technique to annihilate the anisotropic sub-grid scales and adds an exact particle–particle correction
term. Free-space boundary conditions are satisfied through the use of modified Green’s functions in the solution of the Poisson equation
for the streamfunction. The concept is extended such as to provide exact velocity predictions on the mesh with free-space boundary
conditions.

The random walk technique is employed for the diffusion in order to relax the need for a remeshing of the computational elements
close to solid boundaries. A novel partial remeshing technique is introduced which only performs remeshing of the vortex elements which
are located sufficiently distant from the immersed interfaces, thus maintaining a sufficient spatial representation of the vorticity field.

Convergence of the present P3M algorithm is demonstrated for a circular patch of vorticity. The immersed interface technique is
applied to the flow past a circular cylinder at a Reynolds number of 3000 and the convergence of the method is demonstrated by a sys-
tematic refinement of the spatial parameters. Finally, the flow past a cactus-like geometry is considered to demonstrate the efficient han-
dling of complex bluff body geometries. The simulations offer an insight into physically interesting flow behavior involving a temporarily
negative total drag force on the section.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Vortex methods have in the past proven valuable
numerical tools in the prediction of complex unsteady
flows due to their robustness and lack of time consuming
mesh generation required in traditional Eulerian methods
cf. [1–14]. They utilize a discretization of the vorticity field

by particles and a Lagrangian formulation of the governing
Navier–Stokes equations to determine their evolution. The
major advantages of the classical vortex method over grid-
based methods are an automatic adaptivity of the compu-
tational elements and low numerical dissipation. However,
in terms of computational cost, the method is rendered
impractical for high-resolution simulations due to the N-
body problem involving the mutual interaction of all Np

vortices for the calculation of the fluid velocity field. This
leads to a cost of OðN 2

pÞ and limits the practically usable
number of computational elements. Fast multipole meth-
ods have been developed to reduce the computational cost
to OðNp log NpÞ [15] and OðNpÞ [16]. For problems with sim-
ple geometries, alternative hybrid particle–mesh algorithms
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such as the Vortex-In-Cell (VIC) method offer a computa-
tional cost of OðNp log NpÞ or OðNpÞ by employing fast FFT
or iterative solvers for the field equation on a grid. High-
order moment conserving interpolation kernels [17,18] are
used for the projection of the vorticity field from the parti-
cles to the mesh and the interpolation of the fluid velocity
to the particles to retain the accuracy of the method.

Immersed interface methods utilize fast Poisson solvers
on a regular mesh and enforce the appropriate boundary
conditions on immersed interfaces through an additional
forcing of the dynamics of the flow, e.g. through body
forces [19–24]. The enforcement of the boundary condition
on the immersed interface is reduced to determining the
proper forcing which is typically computed iteratively dur-
ing the time stepping procedure [25]. The immersed inter-
face techniques in vortex methods enjoy the advantage
of a clear separation of dynamics and kinematics,
ensured by the velocity–vorticity formulation. Moreover,
the dynamics is computed on the particle, thus removing
the Courant criterion traditionally limiting the time step
in Eulerian methods.

The present work uses a novel particle–particle particle–
mesh (P3M) immersed interface method for particle meth-
ods in the framework of the Vortex-In-Cell method with
the following features: (i) efficient solution of the Poisson
equation using a fast FFT solver, (ii) exact prescription
of free-space boundary conditions using a minimum num-
ber of grid points, (iii) automatic resolution of sub-grid
scales through the application of direct particle–particle
interaction corrections in the near field, (iv) whilst we pres-
ent a two-dimensional implementation the method is read-
ily extendible to three dimensions (3D). However, in 3D to
ensure a divergence-free vorticity field we expect to replace
the random walk technique with, e.g., the Particle-
Strength-Exchange (PSE) scheme [26]. The proposed P3M
algorithm replaces tree-based algorithms such as the fast
multipole method by computing the interaction of distant
particles on the mesh and the interaction of particles in
close proximity through an influence matrix technique
and an exact particle–particle correction term.

The convergence of vortex methods requires an occa-
sional re-initialization of the particles to ensure the spatial
representation of the fields particularly in regions of signif-
icant strain in the flow [27,28]. This re-meshing is straight-
forwardly implemented in a VIC scheme through the use of
the VIC particle–mesh moment conserving interpolation
formulae, but special treatment is required near the
immersed interfaces to avoid the creation of fluid particles
within the solid region. For bodies of regular shape the
geometric properties can be exploited [7] but for irregular
bodies the conservation of the statistical moments is
non-trivial and one-sided formulae are usually applied,
cf. Ploumhans and Winckelmans [12]. Further need for a
regularized particle pattern arises from the use of diffusion
schemes like the PSE by Degond and Mas-Gallic [29]
which require a continued remeshing throughout the
domain to (i) secure a regular particle map and (ii) obtain

a mechanism for creating particles at the boundaries of the
vorticity field. In this study the random walk method [30] is
utilized for the modelling of the diffusion term of the
Navier–Stokes equation. This method has been shown to
provide sufficiently accurate results for engineering applica-
tions, e.g. in bridge aerodynamics [31]. Moreover, it is sub-
stantially less sensitive to the particle layout. Use of this
fact is made in regions adjacent to the body surface and
a partial remeshing strategy is proposed which refrains
from replacing particles that would, according to the inter-
polation kernel, create particles inside the solid body. This
ensures a sufficient vorticity support and uniform particle
spacing in most of the domain but relies on a particle cre-
ation strategy consistent with the random walk method
used herein.

The paper is organized as follows: The governing equa-
tions are described in Section 2. The classical vortex
method is outlined in Section 3, and the proposed VIC
immersed interface method is described in Section 4. The
partial remeshing technique is described in Section 5. Sec-
tion 6 presents the results obtained with the present algo-
rithm including the study of a patch of vorticity to
demonstrate the convergence of the P3M algorithm (Sec-
tion 6.1). The convergence of the immersed interface
method is presented in Section 6.2 for the flow past a circu-
lar cylinder at moderate Reynolds number, and the impul-
sively started flow past a cactus-like geometry is presented
in Section 6.3 to show the flexibility of the proposed algo-
rithm. Finally, concluding remarks are made in Section 7.

2. Governing equations

2.1. Fluid motion

The dynamics of a two-dimensional, incompressible
fluid flow at constant kinematic viscosity m in a domain
D bounded by oD � B is governed by the vorticity trans-
port equation

ox
ot
þ ðu � $Þx ¼ mr2x; ð1Þ

where u is the velocity, x ¼ $� u ¼ xez the fluid vorticity,
and ez is a unit vector perpendicular to the plane of the
velocity field. The incompressibility condition $ Æ u = 0
allows the definition of a solenoidal streamfunction W,
such that u ¼ $� ðWezÞ þU1, where U1 is the free-space
velocity such that

uðxÞ ! U1 as jxj ! 1; ð2Þ

and the vorticity and the stream function are related
through the Poisson equation

r2W ¼ �x: ð3Þ

Alternatively, Eq. (3) can be written in integral form by
observing that � 1

2p log jxj is the two-dimensional free-space
Green’s function to $2. Thus
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