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a b s t r a c t

Spring analogy approach is one of the most popular dynamic mesh deformation methods. In the ball-
vertex method, perpendicular linear springs are introduced to deal with the element collapse problem.
However, it is not very efficient as a large system of linear equations has to be resolved. In order to
overcome this difficulty, the Vertex-Ball Spring Smoothing algorithm (VerBSS) is proposed in this paper.
Following the mesh smoothing concept, a sub-spring system derived from the ‘‘ball-vertex’’ model is built
and solved on a node by node basis using an LDLT solver. Interior nodes are smoothed layer by layer in an
iterative manner to achieve the best result. Parallel scheme is also introduced in the smoothing process
for further improvement of the efficiency. Numerical examples in two and three dimensions show that
VerBSS is much more efficient than the ball-vertex method, and is capable of dealing with practical
engineering objects with complex geometries subject to large deformations. VerBSS can be applied to
complicated mesh topologies as well, not only to 2D/3D dynamic mesh, but also to the hybrid dynamic
mesh.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

In modern numerical simulation of engineering applications,
we often need to deal with many unsteady flow problems, such
as free surface flows, bio-fluid mechanics problems, forced vibra-
tion and fluid–structure interaction problems. The mesh of the
solution domain needs to be updated at each time step of the
numerical simulation process when flow parameters and geome-
tries of the computational field are changing with time. The dy-
namic mesh approach is one of the most popular methods to
solve this class of problems, especially for multi-block structures
moving in unsteady flow with irregular boundary displacement
specifications. There are generally three ways to dynamically up-
date unstructured meshes [1,2]. (1) Remeshing: according to the
changes in the domain, local or global mesh is regenerated by mesh
generator, in which the flow properties of the new mesh are ob-
tained by interpolation. However, generating new meshes will
not only increase the computational cost, but will also bring addi-
tional errors [3] in the computation. (2) Mesh deformation:
through nodal repositioning, the shape and the size of the elements
are changed while keeping nodal connectivity intact. It is simple to
implement and it does not require topological modifications.

Nevertheless, it is difficult to be applied in large displacement
problems. (3) Combination of the two approaches: compared to
mesh deformation, remeshing is much more computationally
expensive, especially for the three-dimensional applications.

Mesh deformation method is mainly divided into three catego-
ries: the PDE-based mapping, the pseudo-material and the spring
analogy method. Lohner [4] and Helenbrook [5] proposed Lapla-
cian or bi-harmonic equation methods, which are based on PDE.
This kind of methods employs potential equations to determine
how nodes should be repositioned. By avoiding mesh degenerating
and maintaining the size of elements, they can efficiently solve the
problem of intersection between mesh edges. Due to the restric-
tion of non-coupling property between displacement variables,
PDE-based method is not suitable for complex geometries and
large-scale problems. It is usually applied to small-scale mesh or
optimization problems. For the pseudo-material approach [6,7],
the basic idea is to map the fluid domain to a pseudo-material
and to calculate the mesh deformation following the classical laws
of mechanics governed by a set of boundary displacement condi-
tions. The main drawback of the pseudo-material approach is its
low computational efficiency. The most widely used mesh defor-
mation technique is the spring analogy method, which was first
introduced by Batina [8], in order to deform a mesh around a
pitching airfoil. By this method, a network of springs connecting
all vertices (nodes) in the mesh is created, that is, each edge in
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the mesh is replaced by a fictitious spring whose stiffness is inver-
sely proportional to its length. In this method, the equilibrium
length of the spring is equal to the initial length of the edge. When
the boundary moves, the interior nodes will be repositioned so that
the spring system will converge to a new static equilibrium. Spring
analogy is more often applied to aero-elastic calculations [9,10].
The method is also applied to structured meshes as well, for exam-
ple, by Nakahashi and Deiwert [11]. The system works well as long
as the displacement is small compared to the element size. How-
ever, in some applications, the fluid domain boundary undergoes
a motion with relatively large amplitude. It does indeed fail, when
local invalid elements occur at some parts of the mesh. The reason
why it fails has been studied for years. First of all, the resulting
equation from the spring system is elliptic; it means that local per-
turbations only have local impact. Boundary perturbation cannot
propagate into the interior solution domain effectively. Therefore,
the spring analogy can only solve problems of small deformations.
Some researchers have made improvements to the spring analogy
method. By increasing the stiffness near the boundary, Blom [12]
relieved the localization of deformation and enhanced the defor-
mation capacity of the mesh. Secondly, the method lacks control
mechanisms for element collapse. The spring method only consid-
ers the stretching effect of the spring, the stiffness of the edges is
not related neither to the areas of the connected triangles nor to
the angles of these triangles. To address this issue, torsional springs
were added to the linear springs by Farhat et al. [13,14] in order to
prevent the collapse of the elements. Later, Bottasso et al. [15] pro-
posed a ball-vertex method which is arithmetically less complex
than the torsional spring analogy method. The method introduces
additional perpendicular linear springs that restrict the motion of
the vertex towards its corresponding opposite face. These addi-
tional springs effectively confine each vertex within the polyhedral
ball that encloses it. The resulting linear equation is solved by a
Gauss–Seidel solver. When dealing with repeated cycles of severe
deformations, such as airfoil oscillation, the ball-vertex method
shows a remarkably consistent behavior, which seems to be more
robust than the torsional spring. The method can be implemented
with only a little additional computational cost comparing with
the spring analogy method. The combination of the additional
springs and the original springs can greatly improve the deforma-
tion capacity of the spring analogy method. However, it is still
rather time consuming as a large system of linear equilibrium
equations has to be resolved. Recently, a novel method [16–18]
based on the creation of a background graph of the original mesh
is developed. The mesh movement is carried out using the back-
ground graph with ease and efficiency. The mesh is then mapped
back onto the deformed graph to provide the new mesh. Zhang
[19] and Lin [20] et al. recommended improved methods for
two-dimensional mesh deformation by adding new nodes into
the background graph. Although the mesh update time is reduced,
difficulties occur when it is extended to three-dimensional
applications.

In this paper, a dynamic mesh deformation method named
VerBSS (Vertex-Ball Spring Smoothing Method) is proposed. The
algorithm is found to be robust for substantially distorted mesh
and the solution strategy based on the LDLT solver can significantly
improve the computational efficiency.

2. The spring-based methods

2.1. Spring analogy method

The classical edge spring analogy method is easy to implement.
A basic spring system model is shown in Fig. 1. The edges of the
mesh are considered as springs with stiffness inversely propor-

tional to its length, and the spring system is in a balanced state. Gi-
ven a mesh edge eij, which is connected by vertices i and j, the force
on vertex i exerted by vertex j can be written as

f Edge
ij ¼ kijðuj � uiÞ � nijnij ¼ �f Edge

ji ð1Þ

where kij is the stiffness of edge eij. nij is the unit vector from i to j.
The displacement of vertex i and j are denoted by ui and uj, respec-
tively. Considering the effect of all its n vertices connected to vertex
i, the equilibrium of node i is given by

Xn

j¼1

f Edge
ij ¼ 0 ð2Þ

The elastic problem is solved for each interior node of the mesh and
a large linear system Kx = b is established. The global matrix K is
formed with the edge spring stiffness kij, the vector x represents
the displacements of the mesh vertices (nodes), and the vector b
is formed based on the given boundary conditions.

By solving the linear system, the displacements of the interior
nodes are obtained. A new mesh can be created by updating the no-
dal coordinates of the mesh according to the displacement vector.

2.2. Ball-vertex method

The disadvantage of the spring analogy method is the lack of
collapse controlling mechanisms. That is, element inversions can-
not be detected by the spring system. Node penetrations may occur
as shown in Fig. 2. This is usually the case when large amplitude of
motion is involved. To prevent elements inversion, additional per-
pendicular linear springs are added in the ball-vertex method.

As is shown in Fig. 3 [21], a polyhedral cavity can always be de-
fined around an interior vertex. In the case of a simplicial mesh, for
a given vertex i, we can construct the region Gi by all the elements
adjacent to vertex i. The ball Bi of vertex i is defined as the face of Gi.
Bi is the set of the elements’ edges (in two dimensions) or triangles
(in three dimensions) facing the vertex i. The boundary entities
(edges or triangles) of the ball are shown with green lines in
Fig. 3(a) and (c). Notice that in the non-simplicial case, we can
firstly decompose the quadrilateral or hexahedral elements adja-
cent to vertex i into triangular or tetrahedral elements in the
way that fictitious edges used for the decomposition may not pass
through vertex i, and then obtain the region Gi and ball Bi which are
used in the same way as the simplicial cases. The bounding entities
of the ball are not part of the original elements, thus, we represent
these entities using green dotted lines in Fig. 3(b) and (d). Perpen-
dicular springs that connect node i and its projection points on the
face of the ball are constructed as depicted in Fig. 4. The vertex can
be restricted by the new springs not to leave its ball.

For the sake of simplicity, we only take a single tetrahedron for
consideration. Let Tijkl denote a tetrahedron whose vertices are
respectively i j k and l, and p is the projection of vertex i onto its
opposite face (see Fig. 4(c)). Perpendicular spring Sip is constructed

Fig. 1. Spring system.
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